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Classical regularities describing the Liesegang phenomenon have been observed and extensively
studied in laboratory experiments for a long time. These have been verified in the last two decades,
both theoretically and using simulations. However, they are only applicable if the observed system
is driven by reaction and diffusion. We suggest here a new universal law, which is also valid in the
case of various transport dynamics 共purely diffusive, purely advective, and diffusion-advection
cases兲. We state that ptot ⬀ Xc, where ptot yields the total amount of the precipitate and Xc is the center
of gravity. Besides the theoretical derivation experimental and numerical evidence for the universal
law is provided. In contrast to the classical regularities, the introduced quantities are continuous
functions of time. © 2005 American Institute of Physics. 关DOI: 10.1063/1.1893606兴
I. INTRODUCTION

xn ⬀ t1/2
n .

A simple diffusion process coupled with nonlinear dynamics 共arising from reactions兲 may produce various patterns. The first spatiotemporal pattern observed was the Liesegang phenomenon.1 In this case, the quasiperiodic pattern
occurs due to a precipitation reaction between a certain
chemical reactant, which diffuses into a gel and another one,
which is distributed in the gel. Recently, the trends of the
investigation of the precipitation pattern formation are either
to revisit and punctuate the existing empirical regularities,2–5
or the observation and description of the pattern formation in
more complex situations 共redissolution of the precipitation
zones due to complex formation producing moving
patterns;6–8 pattern formation in the case of various initial
and boundary conditions9,10兲. Liesegang patterns are usually
formed via interaction of inorganic compounds, therefore an
interesting topic in recent studies is the coupling of the precipitation process and biological one.11,12
Detailed investigations on Liesegang phenomenon have
shown four empirical regularities, in which the macroscopic
quantities are connected with each other: xn, the position of
the nth precipitation zone measured from the junction point
of electrolytes; wn, the width of the nth band; and tn, the time
elapsed until its formation.
The spacing law states that the positions of the precipitate zones are members of a geometrical series:13
xn = Q共1 + p̂兲n ,

共1兲

where 1 + p̂ is the spacing coefficient and Q is the amplitude.
According to the time law of Liesegang patterning, the
following relation holds:14
a兲

The width law describes how the thickness of zones increases with their positions:15,16
wn ⬀ xn .
Experimental observations lead Matalon and Packter to the
conclusion that p̂ is equal to the sum of some functions depending on the initial concentrations b0 of the inner and a0 of
the outer electrolytes:17
p = F共b0兲 +

1
G共b0兲.
a0

共3兲

The above regularities are valid only if the transport of electrolytes is driven solely by diffusion. They have to be modified in the case of an imposed external field 共e.g., electric
field18–20兲. In the present study, we introduce a new universal
law of Liesegang pattern formation, which is independent of
the transport conditions 共diffusive kinetics or an imposed migration of the species兲.

II. MODELS

An intermediate species is introduced in the chemical
mechanism to explain the precipitate formation.2,21 This
scheme contains two consecutive steps: initially the two reactants A 共outer electrolyte兲 and B 共inner electrolyte兲 react,
and produce an intermediate species C, which is supposed to
be in colloidal phase and may also diffuse. In the second
step, C transforms into an insoluble precipitate P. The
chemical mechanism described above is the following:
A共aq兲 + B共aq兲 → C共aq兲,

共4兲

C共aq兲 → P共s兲.

共5兲
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A. Theoretical

N

First, we summarize all necessary simplified assumptions to derive our new law: 共i兲 The investigated system is
one dimensional. Recently, experimental and numerical studies have shown that the most general law 共time law兲 has a
weak distortion compared to the effect of the planar diffusion
front propagation. This has been observed in the case of
circular experimental setup in two dimension 共2D兲 and 3D
共Ref. 22兲 共called curvature effect in the literature23兲. 共ii兲 We
neglect the effect of background ions 共which do not turn into
precipitate in the given system兲: we assume that they do not
play an important role in the evolution of the patterns in the
absence of an electric field.24 共iii兲 Density of the intermediate
species c0 is constant behind the reaction front.25 共iv兲 C is
segregated into high density zones 共precipitation bands with
concentration ch兲 and into low density zones 共gaps between
the precipitation bands with concentration cl兲.25 共v兲 Species
C fulfills the mass conservation law. 共vi兲 The width of the
bands wn is negligible compared to the given band position,
i.e., wn Ⰶ xn. 共vii兲 The concentration cl of the precipitate between the bands is negligible compared to ch and c0, i.e.,
c0 , ch Ⰷ cl. 共viii兲 c0 is linearly proportional to the initial concentration of the inner electrolyte,3 i.e., c0 ⬀ b0. Using the
mass conservation law 共v兲 together with 共iii兲 and 共iv兲, we
obtain the following relation:
共xn+1 − xn兲c0 = 共xn+1 − xn − wn兲cl + wnch

共xn+1 − xn兲共c0 − cl兲 = wn共ch − cl兲.
Applying the spacing law 共1兲, we can rewrite the equation
above as
p̂共c0 − cl兲
x n¬  x n .
ch − cl

共6兲

This relation is a so-called width law.5,25 Next, the total
amount of the precipitate ptot and the center of gravity of the
precipitation band system Xc are defined as
N

N

ptot共t兲 =

兺 pn共t兲,

Xc共t兲 =

兺 pn共t兲xn

n=1

ptot共t兲

n=1

,

共7兲

where pn is the amount of the precipitate at xn and N is the
total number of bands at t. It should be noted that N depends
on time t and it is an increasing function. Quantities ptot and
Xc introduced here play a central role in our analysis. Since
pn = wnch, we can rewrite 共7兲:
N

N

ptot共t兲 =

兺 w nc h,

n=1

Xc共t兲 =

兺 w nc hx n

n=1
N

,

兺 w nc h

n=1

and applying the width law 共6兲 we obtain

ptot共t兲 = ch

兺 x n,
n=1

Xc共t兲 =

ch 兺 x2n
n=1
N

.

ch 兺 xn
n=1

Using the spacing law 共1兲 we get the limit
N

N

兺 xn
兺 xnn=1
n=1
N

→

兺 x n2

p̂ + 2
p̂

if N → ⬁,

n=1

in this way for N big enough we may use the relation
p̂ + 2
ptot共t兲
,
= ch
Xc共t兲
p̂
where

=

p̂共c0 − cl兲
.
ch − cl

It makes sense to use this approximation, since N → ⬁ as t
→ ⬁ and we are interested in the long time behavior of the
system. Application of the last two assumptions 共vii–viii兲
leads us to the equality
ptot共t兲
= b0共p̂ + 2兲.
Xc共t兲

and therefore,

wn =

N

共8兲

From the experimental point of view, it is not easy to measure c0, cl, and ch, therefore it is useful to eliminate these
quantities, which is accomplished in Eq. 共8兲 depending only
on well-measurable quantities.
Finally, substituting the Matalon–Packter law 共3兲 into
Eq. 共8兲 a more general form is obtained:
b0
ptot共t兲
= b0共F共b0兲 + 2兲 + G共b0兲.
Xc共t兲
a0

共9兲

In this way we conclude that the total amount of the precipitate is linearly proportional to the center of gravity of the
precipitation band system 共ptot ⬀ Xc兲. Note that F and G are
fixed during the individual experiments. An interesting consequence of Eq. 共9兲 is that one experiment can validate the
linear dependence. We also point out the favorable property
of ptot and Xc: they depend continuously on time.
B. Numerical

We would like to prove the universality of our new relation ptot / Xc ⬀ const, i.e., this one does not depend on the
transport condition of the invading electrolyte. Therefore, we
allow also advection for the outer electrolyte A 共besides the
existing diffusion process兲. We will investigate the pattern
formation phenomenon in the case of purely diffusive, purely
advective, and mixed 共diffusion-advection兲 conditions. For
the sake of simplicity, a constant and uniform advection field
was applied.
The governing equations of such pattern formation in 1D
corresponding to the scheme 共4兲 and 共5兲 are the following:
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 2a
a
a
= Da 2 − u − kab,
x
x


共10a兲

 2b
b
= Db 2 − kab,
x


共10b兲

 2c
c
= Dc 2 + kab − 1⌰共c − c*兲c − 2cp,
x


共10c兲

p
= 1⌰共c − c*兲c + 2cp,


共10d兲

where all quantities are dimensionless. a, b, and c yield the
concentrations of A, B, and C, respectively, while p yields
the amount of the precipitate. Da, Db, and Dc are the diffusion coefficients of the corresponding species, while u
yields the advection field velocity. k is the chemical rate
constant for Eq. 共4兲, and 1, 2 are the rate constants for the
nucleation and the autocatalytic precipitate formation 共5兲, respectively. The two terms in 共10d兲 correspond to homogeneous nucleation after that an autocatalytic precipitate
growth occurs. ⌰ is the Heaviside step function. The main
idea of nucleation and precipitate growth model is that
nucleation occurs when the local concentration c of the intermediate species reaches the nucleation threshold c*. At the
same time c → 0 共since C transforms into precipitate兲, wherever some precipitate already exists 共due to the autocatalytic
process兲.
The partial differential equations were solved using a
“method of lines” technics. Spatially a finite difference discretization on a 1D equidistant grid was applied. The time
integration has been executed using a second-order Runge–
Kutta method to solve the produced ordinary differential
equations. During the simulation 共10a兲–共10d兲 were equipped
with the following initial and boundary conditions:
a共0,x兲 = a0⌰共− x兲,

b共0,x兲 = b0⌰共x兲,

c共0,x兲 = p共0,x兲 = 0,
兩a兩x=0 = a0 ,

冏 冏 冏 冏 冏 冏 冏 冏 冏 冏
b
x

=

x=0

c
x

=

x=0

a
x

=

x=l

b
x

=

x=l

c
x

= 0,
x=l

where l is the length of the diffusion column. In all simulations the parameter set Da = Db = 1.0, Dc = 0.1, k = 1.0, 1
= 1.0, 2 = 102, c* = 0.1, and l = 480 was used, while a0 and b0
were varied. The grid spacing was ⌬x = 0.4, and the numerical simulations were performed with the time step ⌬
= 0.001.

III. EXPERIMENT

A solution of K2Cr2O7 共Reanal, 0.0036M兲 and gelatine
共Reanal兲 was heated to 80 °C and stricted continuously to
complete dissolution of the gelatine. The solution was
poured into a U tube 共of diameter 0.5 cm and length 25 cm兲
and was allowed to cool to room temperature 共23 °C ± 1 °C兲.
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After 24 h, the gel was contacted with the solution of
K2Cr2O7 共0.0036M兲 and AgNO3 共5 m/m %兲, respectively.
Temporal evolution of the Liesegang patterns was monitored by a computer controlled image capturing system using
reflected light from a halogen lamp. The average “build up”
time of the individual bands is about 1 h: images were collected in every 25 min. During the gray scale analysis of the
pictures it was supposed that the amount of the precipitate is
proportional to the peak area of the intensity of the scattered
light. The total amount of the precipitate and the center of
gravity were determined using the observation along a certain line, and the calculations were based on Eq. 共7兲. The
image sequence in this procedure was generated by ORIGIN
data graphing and analysis software.

IV. RESULTS AND DISCUSSIONS

At first, we focused on the experimental evidence of the
new relation described in the theoretical part. Figure 1 shows
the evolution of the total amount of the precipitate 关Fig. 1共a兲兴
and the center of gravity of the precipitate 关Fig. 1共b兲兴 in the
diffusion column 共gel medium兲, respectively: these quantities
depend linearly on the square root of time. We also depicted
the final precipitation pattern structure and the relation between ptot and Xc 关Fig. 1共c兲兴, which is also linear piecewise:
we distinguished two regimes. In many experiments one can
observe initially a continuous precipitate zone initiated from
the junction point of the electrolytes up to a certain position
x* 共transition point兲, afterwards the evolution of well separated precipitation bands occurs. In lack of pattern formation
phenomena homogeneous distribution of precipitate can be
assumed within this zone which gives that the total amount
of the precipitate 共ptot兲 is linearly proportional to x*. For the
same reason, Xc ⬃ x* also holds and therefore, ptot ⬃ Xc in this
case. At the same time, the coefficient of the proportionality
can be different from that obtained after the transition point,
as shown in 关Fig. 1共a兲 and 1共c兲兴.
As known for a long time,14 the 共discrete兲 band position
xn measured from the junction point of the electrolytes depends linearly on the square root of its formation time. Usually, in the experiments the junction point is the gel surface,
which initially separates the electrolytes. This relation is the
well-known time law 共2兲, which is an immediate consequence of the diffusive behavior of the invading electrolyte.
Since the center of gravity is originated from xn, it is not
surprising that Xc has a similar linear evolution trend. The
above mentioned two continuous variables 共ptot , Xc兲 have linear dependence on the square root of time, therefore they
will be linearly proportional to each other, i.e., ptot ⬀ Xc, as
has been predicted theoretically in both regimes.
We also confirmed our experimental and theoretical findings using numerical simulations. Moreover, we can get
some new predictions on the behavior of the system. As a
usual approach we applied nucleation and growth mechanism to describe the precipitation pattern formation. In a
former study, Antal et al. investigated the origin of the
Matalon–Packter law and proposed different forms in special
cases 共depending on the applied precipitation mechanism兲.
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FIG. 1. Results of laboratory experiments: 共a兲 dependence of the total
amount of the precipitate 共ptot兲 and 共b兲 the center of gravity of the precipitate
共Xc兲 on the square root of the elapsed time; 共c兲 pattern structure and dependence of ptot on Xc.

For our case 共nucleation and growth兲 they found that F共b0兲
⬀ 1 / b0 and G共b0兲 ⬀ const. Using these we can rewrite the
general form 共9兲 into

冉 冊

ptot ⬀ b0 2 +

G*
Xc ,
a0

共11兲

where G* is a constant obtained from the function G共b0兲.

FIG. 2. Results of the numerical simulations fixing the concentration of the
outer electrolyte in case of purely diffusive dynamics: 共a兲 dependence of the
total amount of the precipitate 共ptot兲 and 共b兲 the center of gravity of the
precipitate 共Xc兲 on the square root of the elapsed time; 共c兲 dependence of ptot
on Xc.

We investigated the evolution of the patterns by fixing
the concentration of one electrolyte and varying that of the
other one. Figure 2 presents the variation of ptot and Xc 共as in
experiments兲 at fixed values of the outer electrolyte concentration. The linear dependence between these quantities can
be clearly seen. There is a good accordance with the theoretical and experimental observations. Increasing the concentration of the inner electrolyte 共b0兲 the slope of the ptot-Xc linear
curves is also increased. The fact that a0 is fixed implies that
2 + G* / a0 is constant, therefore ptot ⬀ b0Xc 共the slope is lin-
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FIG. 4. ptot / Xc as a function of the initial concentration of the inner electrolyte 共b0兲 at different constant outer electrolyte concentrations 共a0兲.

The plot of ptot / Xc vs b0 in the individual runs indicated
two new observations: first, the existing dependence between
ptot / Xc and b0 is linear 共at fixed a0兲; second, the slopes of the
linear curves are linearly proportional to 1 / a0. These two
theoretical predictions are in a good agreement with the results of the detailed numerical experiments as shown in Fig.
4.
In Fig. 5 we depicted the spatial distribution of the intermediate species C and the precipitate P. Initially, a continuous precipitation zone could be observed as in the experiments. However, we did not obtain well detectable linear
regime corresponding to the continuous precipitate formation
since this region was relatively thin.
We compared the time dependence of ptot and Xc in case
of purely diffusive kinetics, in case of purely advective kinetics, and in the mixed case. In this way we point out the
universality of our new law ptot ⬀ Xc: this relation always
holds; at the same time, the ratio of these quantities depends
on the transport conditions. Figure 6 illustrates the time dependence of ptot and Xc, and the relation between them. In

FIG. 3. Results of the numerical simulations fixing the concentration of the
inner electrolyte in case of purely diffusive dynamics: 共a兲 dependence of the
total amount of the precipitate 共ptot兲 and 共b兲 the center of gravity of the
precipitate 共Xc兲 on the square root of the elapsed time; 共c兲 dependence of ptot
on Xc.

early proportional to b0兲. In the reverse case fixing the concentration of the inner electrolyte 共b0兲 and varying that of the
outer one, an opposite trend was observed: the slope of the
ptot-Xc linear curves decreases as a0 is increased 共Fig. 3兲.
This finding can be explained by taking b0 fixed in Eq. 共11兲:
in this case Ptot ⬀ 共1 / a0兲Xc 共the slope is linearly proportional
to 1 / a0兲. Equation 共11兲 can be rewritten as

冉 冊

ptot
G*
⬀ b0 2 +
.
Xc
a0

FIG. 5. Spatial distribution of the intermediate species C and precipitate P
for two different initial concentration sets of the outer 共a0兲 and inner 共b0兲
electrolyte at  = 10 000, respectively 共top—a0 = 10.0, b0 = 1.0; bottom—a0
= 10.0, b0 = 2.6兲. The dotted and solid lines represent the concentration c
profiles of C and P.
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6共a兲 and 6共b兲, respectively. Assuming advective dynamics
only the evolution of ptot and Xc is also linear. At long
enough times 共depending on the advection field velocity兲 the
quantities above overtakes that of in purely diffusive situation. One can observe that the velocity of the motion of ptot
and Xc depends on the advection velocity only, if this exists
共the curves corresponding to the same advection velocity
will be parallel after some time兲. Note that in the purely
diffusive case these variables depend linearly on the square
root of time. If the transport of the outer electrolyte is generated by a constant drift26 共caused either by advection or
autocatalytic chemical front propagation27兲, it results in an
equidistant pattern structure with bands of constant thickness. The coupling of fluid flow and precipitation process
have a great relevance to explain several structures in
geoscience.28–31 It should be mentioned that the effect of
diffusion cannot be neglected in laboratory experiments, consequently, the purely advective dynamics is only a theoretical
assumption. It is also clear that advection influences the motion of all species, but owing to the high concentration differences between, it can be assumed that the pattern formation dynamics is essentially determined by the flux of the
highest concentration species 共this is the invading electrolyte
in the Liesegang systems兲. The advection terms of the species B and C omitted in our governing Eqs. 共10b兲 and 共10c兲
may play an essential role in geological applications. The
applicability of the proposed relation needs also to estimate
the Péclet numbers 共in case of convection regime兲, which can
be the basis of a further detailed analysis.
V. CONCLUSIONS

FIG. 6. Results of the numerical simulations in case of purely diffusive
dynamics 共solid line兲—Da ⫽ 0 , u = 0; in case of purely advective dynamics
共dashed line兲—Da = 0 , u ⫽ 0; and in diffusion-advection case 共dotted line兲—
Da ⫽ 0 , u ⫽ 0, where u is the advection field velocity and Da is the diffusion
coefficient of the A species. 共a兲 Dependence of the total amount of the
precipitate 共ptot兲 and 共b兲 the center of gravity of the precipitate 共Xc兲 on the
square root of the elapsed time; 共c兲 dependence of ptot on Xc. In Fig. 5共c兲 the
long and short dashed lines correspond to u = 0.8 and u = 0.4, respectively.
The same applies for the dotted lines. We used the initial concentrations:
a0 = 10.0, b0 = 1.0.

the diffusion-advection process one can observe that initially
the system is driven by diffusion: the flux is generated
mostly due to the high concentration gradient of the invading
electrolyte. Later on, since this gradient essentially decreases, the advective flux will dominate. After a certain period, the evolution will be linear in time as shown in Figs.

We suggested a new universal law for a class of Liesegang pattern formation phenomena concerning the time dependent quantities of the precipitate: ptot, the total amount of
precipitate and Xc, the position 共measured from the junction
point of electrolytes兲 of the center of gravity of precipitate.
An explicite form for ptot / Xc has been derived assuming diffusive dynamics only, which was confirmed by our real experiments. Moreover, using numerical simulations, we
pointed out that the same connection is valid by changing the
transport conditions of the invading electrolyte: we have
stated that ptot ⬀ Xc and this relation holds under various circumstances 共diffusive, advective, and diffusive-advective dynamics兲 in contrast to the classical laws proposed earlier.
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