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A new universal law for the Liesegang pattern formation
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Classical regularities describing the Liesegang phenomenon have been observed and extensively
studied in laboratory experiments for a long time. These have been verified in the last two decades,
both theoretically and using simulations. However, they are only applicable if the observed system
is driven by reaction and diffusion. We suggest here a new universal law, which is also valid in the
case of various transport dynamigsurely diffusive, purely advective, and diffusion-advection
casep We state thap,; X., wherep,, yields the total amount of the precipitate axds the center

of gravity. Besides the theoretical derivation experimental and numerical evidence for the universal
law is provided. In contrast to the classical regularities, the introduced quantities are continuous
functions of time. ©2005 American Institute of PhysidDOI: 10.1063/1.1893606

I. INTRODUCTION Xp t%/z_ (2)

A simple diffusion process coupled with nonlinear dy- The width law describes how the thickness of zones in-
namics (arising from reactiosmay produce various pat- creases with their positiort&:'®
terns. The first spatiotemporal pattern observed was the Lie-
segang phenomen&ﬂn this case, the quasiperiodic pattern Wiy % Xp.
occurs due to a precipitation reaction between a certain . )
chemical reactant, which diffuses into a gel and another ond;XPerimental observations lead Matalon and Packter to the
which is distributed in the gel. Recently, the trends of theconclusion thap is equal to the sum of some functions de-
investigation of the precipitation pattern formation are eithef?€nding on the initial concentratiobg of the inner and, of
to revisit and punctuate the existing empirical regulartiés, the outer electrolytet’
or the observation and description of the pattern formation in
more complex situationsredissolutipn of the precipitatio_n p=F(bp) + iG(bo)- (3)
zones due to complex formation producing moving Qo
patternsﬁ,‘8 pattern formation in the case of various initial

and boundary conditiof9. Liesegang patterns are usually The above regularities are valid only if the transport of elec-

formed via interaction of inorganic compounds, therefore arirolytes is driven solely by diffusion. They have to be modi-

interesting topic in recent studies is the coupling of the pre—!EOI 1';‘_;“9 case of an imposed e>.<ternal fietdg., EIGC.U'C
cipitation process and biological ofk12 field"®29. In the present study, we introduce a new universal

Detailed investigations on Liesegang phenomenon hav w of Liesegang P"?‘“e”? for_matic_)n, \.NhiCh s i_ndependen_t of
shown four empirical regularities, in which the macroscopict e transport conditiongliffusive kinetics or an imposed mi-

quantities are connected with each othgr:the position of gration of the specigs
the nth precipitation zone measured from the junction point
of electrolytesw,, the width of thenth band; and,, the time
elapsed until its formation. II. MODELS
The spacing law states that the positions of the precipi-

tate zones are members of a geometrical séfies: An intermediate species introduced in the chemical

mechanism to explain the precipitate formatfdil. This
scheme contains two consecutive steps: initially the two re-
X, =Q(1+p)", (1) actantsA (outer electrolytg and B (inner electrolyte react,
and produce an intermediate spedizsvhich is supposed to
be in colloidal phase and may also diffuse. In the second
step, C transforms into an insoluble precipitate. The
chemical mechanism described above is the following:

where 14 is the spacing coefficient ar@d is the amplitude.
According to the time law of Liesegang patterning, the
following relation holds"*

A(ag +B(ag — C(ag), (4)
dAlso at Department of Applied Mathematics, University of Twente. Elec-
tronic mail: izsakf@cs.elte.hu
PElectronic mail: lagzi@vuk.chem.elte.hu C(ag — P(9). (5)
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A. Theoretical N
2
First, we summarize all necessary simplified assump- N gc%xn
tions to derive our new lawfi) The investigated system is Proi(t) = g“chz X X)) =—F—
onedimensional. Recently, experimental and numerical stud- n=1 6 x
ies have shown that the most general léime law) has a i

weak distortion compared to the effect of the planar diffusion ) o
front propagation. This has been observed in the case ¢fSing the spacing lawl) we get the limit

circular experimental setup in two dimensi@D) and 3D NN
(Ref. 22 (called curvature effect in the literatdfe (i) We DX Xy
neglect the effect of background iofwhich do not turn into =1l p+2 if N — o
precipitate in the given systemwe assume that they do not N P '
play an important role in the evolution of the patterns in the Elxnz

n=

absence of an electric fiefé.(iii) Density of the intermediate

speciesc, is constant behind the reaction frdnt(iv) Cis  in this way forN big enough we may use the relation
segregated into high density zong@secipitation bands with

concentratiorc,,) and into low density zone@aps between pto_t(t) - h&%
the precipitation bands with concentratiop.” (v) Species Xc(t) p
C fulfills the mass conservation lawvi) The width of the ere

bandsw,, is negligible compared to the given band position, A

i.e., wy<<X,. (vii) The concentratiom; of the precipitate be- ‘= p(co—c)
tween the bands is negligible comparedcipand c, i.e., - ch-¢

Co,Cr>>Cy. (Viii) ¢ is linearly proportional to the initial con-
centration of the inner electrolyf’ei.e., Coxby. Using the
mass conservation law) together with(iii) and (iv), we

obtain the following relation:

It makes sense to use this approximation, siNce « ast
—o and we are interested in the long time behavior of the
system. Application of the last two assumptiofwsi—viii )
leads us to the equality

(Xn+l - Xn)CO = (Xn+1 Xy~ Wn)CI + WnCh t
Poll) —py(p+2). ®)
and therefore, o(t)
_ From the experimental point of view, it is not easy to mea-
(X1 = %) (Co = C)) = Wn(Ch— C). surecy, ¢, andc,, therefore it is useful to eliminate these

guantities, which is accomplished in E&) depending only

Applying the spacing law(1l), we can rewrite the equation o
ppiying P g law(l) q on well-measurable quantities.

b ) e .
above as Finally, substituting the Matalon—Packter |ai8) into
e pco - C')x o © Eqg. (8) a more general form is obtained:
n Ch—C " n ptot(t) _

b
= bo(F (o) +2) + —G(by) . 9)
. o : 5 Xc() 8
This relation is a so-called width laW? Next, the total _ o
amount of the precipitatp,,, and the center of gravity of the In this way we conclude that the total amount of the precipi-
precipitation band systerd. are defined as tate is linearly proportional to the center of gravity of the
precipitation band systertp,,;=X.). Note thatF and G are

N fixed during the individual experiments. An interesting con-
N > Pa(t)x, sequence of Eq9) is that one experiment can validate the
Prot() = > Pa(t), Xt = ”:l—, (7) linear dependence. We also point out the favorable property
n=1 Prot(t) of pyt and X.: they depend continuously on time.
wherep, is the amount of the precipitate gt andN is the ,
total number of bands at It should be noted that depends B+ Numerical
on timet and it is an increasing function. Quantitipg; and We would like to prove the universality of our new re-
X, introduced here play a central role in our analysis. Sincéation p,/X.>const, i.e., this one does not depend on the
Pn=WnCp, We can rewrite(7): transport condition of the invading electrolyte. Therefore, we
N allow also advection for the outer electrolyde(besides the
S oo eX|st|ng diffusion proceg)s We will mvestlgate'the. pattern
N =" h”n formation phenomenon in the case of purely diffusive, purely
Pot() = E WiCh,  Xo()=—F—, advective, and mixeddiffusion-advectioh conditions. For
n=1 Swe the sake of simplicity, a constant and uniform advection field
< e was applied.
The governing equations of such pattern formation in 1D
and applying the width lavi6) we obtain corresponding to the scheni) and(5) are the following:
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Jda Fa oa After 24 h, the gel was contacted with the solution of
.=Da 5 —u_ —kab, (103 k,cr,0, (0.0036M and AgNQ, (5 m/m %), respectively.
Temporal evolution of the Liesegang patterns was moni-
b #b tored by a computer controlled image capturing system using
— =Dy~ —kab, (10b)  reflected light from a halogen lamp. The average “build up”
7 X time of the individual bands is about 1 h: images were col-
5 lected in every 25 min. During the gray scale analysis of the
Jc Jc . . . . .
— =Dy +kab- k;0(c - c')c - kyCp, (100 pictures it was supposed that the amount of the precipitate is
aT Ix proportional to the peak area of the intensity of the scattered
light. The total amount of the precipitate and the center of
P = k,0(C—C)C + KkoCP, (10d) gr.avit.y were determined u_sing the observation along a cer-
ar tain line, and the calculations were based on &g. The

image sequence in this procedure was generatedrigIN

where all quantities are dimensionless, b, andc yield the : .
data graphing and analysis software.

concentrations oA, B, and C, respectively, whilep yields
the amount of the precipitate.D,, Dy, andD, are the dif-
fusion coefficients of the corresponding species, while
yields the advection field velocity.k is the chemical rate
constant for Eq(4), and x4, k, are the rate constants for the
nucleation and the autocatalytic precipitate formatin re- At first, we focused on the experimental evidence of the
spectively. The two terms iil0d) correspond to homoge- New relation described in the theoretical part. Figure 1 shows
neous nucleation after that an autocatalytic precipitatdéhe evolution of the total amount of the precipitéiéy. 1(a)]
growth occurs. @ is the Heaviside step function. The main and the center of gravity of the precipitdteig. 1(b)] in the
idea of nucleation and precipitate growtimodel is that diffusion column(gel medium, respectively: these quantities
nucleationoccurs when the local concentratiorof the in-  depend linearly on the square root of time. We also depicted
termediate species reaches the nucleation threshokt the  the final precipitation pattern structure and the relation be-
same timec— 0 (sinceC transforms into precipitajewher-  tweenpy and X [Fig. 1(c)], which is also linear piecewise:
ever some precipitate already exiétsie to the autocatalytic We distinguished two regimes. In many experiments one can
process observe initially a continuous precipitate zone initiated from

The partial differential equations were solved using athe junction point of the electrolytes up to a certain position
“method of lines” technics. Spatially a finite difference dis- X« (transition poin}, afterwards the evolution of well sepa-
cretization on a 1D equidistant grid was applied. The timerated precipitation bands occurs. In lack of pattern formation
integration has been executed using a second-order Rung@henomena homogeneous distribution of precipitate can be
Kutta method to solve the produced Ordinary differentia|assumed within this zone which gives that the total amount
equations. During the simulatidi0a—(10d) were equipped Of the precipitatep,,) is linearly proportional to.. For the
with the following initial and boundary conditions: same reaiorxc~X* also hﬁlds anf? therefcr%mhxc in this |

case. At the same time, the coefficient of the proportionality

a(0.x) =a®(=x),  b(0,x) =beO(x), can be different from that obtained after the transition point,
as shown inFig. 1(a) and Xc)].

As known for a long timé? the (discrete band position
X, measured from the junction point of the electrolytes de-

IV. RESULTS AND DISCUSSIONS

c(0,x) =p(0,x) =0,

8l=0= 20, pends linearly on the square root of its formation time. Usu-
ally, in the experiments the junction point is the gel surface,

b = 9 - o4 = b 9 =0, which initially separates the electrolytes. This relation is the

IX|y=0  Xlxzo  IXlxz  IXlya X[y well-known time law (2), which is an immediate conse-

guence of the diffusive behavior of the invading electrolyte.
Since the center of gravity is originated froxy, it is not
surprising thatX. has a similar linear evolution trend. The
above mentioned two continuous variablpg;, X.) have lin-

ear dependence on the square root of time, therefore they
will be linearly proportional to each other, i.g>*X;, as

wherel is the length of the diffusion column. In all simula-
tions the parameter sdd,=D,=1.0, D,=0.1, k=1.0, «;
=1.0,k,=1C% ¢ =0.1, and =480 was used, whila, andb,
were varied. The grid spacing wax=0.4, and the numeri-
cal simulations were performed with the time stédgr

=0.001.
has been predicted theoretically in both regimes.
We also confirmed our experimental and theoretical find-
Il EXPERIMENT ings using numerical simulations. Moreover, we can get

some new predictions on the behavior of the system. As a

A solution of K,Cr,0; (Reanal, 0.0036Mand gelatine usual approach we applied nucleation and growth mecha-

(Reanal was heated to 80 °C and stricted continuously tonism to describe the precipitation pattern formation. In a
complete dissolution of the gelatine. The solution wasformer study, Antalet al. investigated the origin of the

poured into aJ tube (of diameter 0.5 cm and length 25 ¢m Matalon—Packter law and proposed different forms in special
and was allowed to cool to room temperat(28°C+1°C). cases(depending on the applied precipitation mechanism
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FIG. 1. Results of laboratory experiments) dependence of the total
amount of the precipitat@p,,) and(b) the center of gravity of the precipitate
(X.) on the square root of the elapsed tin@; pattern structure and depen-
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For our casgnucleation and growhthey found that~(by)
«1/b, and G(by) «const. Using these we can rewrite the

general form(9) into

G*
ptotocbo 2+% Xca

whereG” is a constant obtained from the functi@tby).

(11

J. Chem. Phys. 122, 184707 (2005)
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FIG. 2. Results of the numerical simulations fixing the concentration of the
outer electrolyte in case of purely diffusive dynami@:dependence of the

total amount of the precipitaté,,) and (b)

the center of gravity of the

precipitate(X.) on the square root of the elapsed tin®;dependence g

on X,.

We investigated the evolution

of the patterns by fixing

the concentration of one electrolyte and varying that of the
other one. Figure 2 presents the variatiorpgfandX; (as in

experimentsat fixed values of the

outer electrolyte concen-

tration. The linear dependence between these quantities can
be clearly seen. There is a good accordance with the theoret-
ical and experimental observations. Increasing the concentra-
tion of the inner electrolytéb) the slope of the,-X; linear
curves is also increased. The fact thgis fixed implies that
2+G'/ay is constant, thereforg,, = byX. (the slope is lin-
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——a=100 e FIG. 4. po/ X. as a function of the initial concentration of the inner elec-
- a°=g.0 P trolyte (by) at different constant outer electrolyte concentratitags.
100 -p =1.0 a,=8.0 ' I
a=7.0 . T L
g0l 2260 | The plot of pyoi/ X; VS by in the individual runs indicated
° e two new observations: first, the existing dependence between
sCeol A | Pt/ X andby is linear(at fixeda,); second, the slopes of the
e linear curves are linearly proportional to &/ These two
40 e theoretical predictions are in a good agreement with the re-
sults of the detailed numerical experiments as shown in Fig.
20 4.
In Fig. 5 we depicted the spatial distribution of the in-
ol . . . . . termediate specie€ and the precipitatd. Initially, a con-
0 20 40 60 80 100 tinuous precipitation zone could be observed as in the experi-
(b) T ments. However, we did not obtain well detectable linear
800 ——— — regime corresponding to the continuous precipitate formation
700 7 :of;"do ) since this region was relatively thin.
b=10 580 s We compared the time dependencepgf andX; in case
0] a:=7.0 . of purely diffusive kinetics, in case of purely advective ki-
500 a,=6.0 L netics, and in the mixed case. In this way we point out the
N universality of our new lawp,,=<X;: this relation always
o> 400 | . . holds; at the same time, the ratio of these quantities depends
200 | 1 on the transport conditions. Figure 6 illustrates the time de-
pendence ofy, and X., and the relation between them. In
200 F J
100 | | 00— . . .
O /,/ 1 1 1 L 1 Om- ]
0 20 40 60 80 100 120 00}
) X ©

C oMt

FIG. 3. Results of the numerical simulations fixing the concentration of the 0@

inner electrolyte in case of purely diffusive dynamita: dependence of the 0m A R ! [y L
total amount of the precipitatép,,) and (b) the center of gravity of the 20 20 20 240 20 X Z0 280 20 30
precipitate(X;) on the square root of the elapsed tirf®;dependence gf,y 010 . . .
on X.. .
008} ]

. . aos B F— 1
early proportional tdy,). In the reverse case fixing the con- © oal L
centration of the inner electrolyté,) and varying that of the
outer one, an opposite trend was observed: the slope of tr e S . 1
Por-Xc linear curves decreases ag is increasedFig. 3. ™ 0  ® 1o xo 20 2o = 0 20
This finding can be explained by takig fixed in Eq.(11): X

in this caseP;y > (1/ag) X, (the slope is linearly proportional
tot ( aO) € ( P y prop FIG. 5. Spatial distribution of the intermediate spedzand precipitate®

to 1/a0)' Equatlon(ll) can be rewritten as for two different initial concentration sets of the outep) and inner(bg)
p G electrolyte at7=10 000, respectivelytop—a,=10.0, by=1.0; bottom—a,
Hot b0<2 +—>_ =10.0, by=2.6). The dotted and solid lines represent the concentration
Qo

c profiles of C and P.
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2000 T T T T T T T ] 6(a) and Gb), respectively. Assuming advective dynamics
1800 - . only the evolution ofp,; and X, is also linear. At long
1600 - - ] enough timegdepending on the advection field velogithe
1400 L o 1 guantities above overtakes that of in purely diffusive situa-
ool , N tion. One can observe that the_z veIOC|ty_ of the mothrpgf_

5 / - and X, depends on the advection velocity only, if this exists
< 1000 - E N ] (the curves corresponding to the same advection velocity
800 - o 7 \ 1 will be parallel after some time Note that in the purely

600 | L e _u=02] diffusive case these variables depend linearly on the square
200 : - B ' ] root of time. If the transport of the outer electrolyte is gen-
200k g ' ] erated by a constant drift (caused either by advection or
e autocatalytic chemical front propagat?&h it results in an
O 2000 = 4000 6000 8000 10000 equidistant pattern structure with bands of constant thick-
@) T ness. The coupling of fluid flow and precipitation process
400 R - have a great relevance to explain several structures in
T~ u=0.8] geosciencéEf‘31 It should be mentioned that the effect of
350 - / 7 diffusion cannot be neglected in laboratory experiments, con-
300 | , i sequently, the purely advective dynamics is only a theoretical
o ] assumption. It is also clear that advection influences the mo-
250 - 7 \ ] tion of all species, but owing to the high concentration dif-
s& 200 : u=0.4] ferences between, it can be assumed that the pattern forma-
/ tion dynamics is essentially determined by the flux of the
150 - : e \ 1 highest concentration speci@his is the invading electrolyte
100 L , T =02 in the Liesegang systemsThe advection terms of the spe-
’ L / ] ciesB and C omitted in our governing Eq$10b) and (100
oF LT 1 may play an essential role in geological applications. The
obimgiy ] applicability of the proposed relation needs also to estimate
(b) 0 2000 4000 6000 8000 10000 the Péclet numberén case of convection regimewhich can
T . . .
be the basis of a further detailed analysis.
2000 T T T T T
1800 - 1 V. CONCLUSIONS
1600 , ] We suggested a new universal law for a class of Liese-
1400 - 1 gang pattern formation phenomena concerning the time de-
o 1200 } ' ] pendent quantities of the precipitafg;;,, the total amount of
S 1000 - 4 . precipitate andX;, the position(measured from the junction
800 L e ] point of electrolytes of the center of gravity of precipitate.
600 [ e ] An explicite form forp,,/ X, has been derived assuming dif-
400 ’ ] fusive dynamics only, which was confirmed by our real ex-
L periments. Moreover, using numerical simulations, we
2008 o 1 pointed out that the same connection is valid by changing the
% 50 100 150 200 250 300 3s0 400 transport conditions of _the myadmg electrolyte: we ha}ve
) X stated thap,,;> X; and this relation holds under various cir-

c . . . . . .
cumstancegdiffusive, advective, and diffusive-advective dy-

FIG. 6. Results of the numerical simulations in case of purely diffusivenamicg in contrast to the classical laws proposed earlier.

dynamics(solid line—D,# 0,u=0; in case of purely advective dynamics

(dashed ling—D,=0,u#0; and in diffusion-advection cagdotted ling—

D,+#0,u#0, whereu is the advection field velocity anid, is the difusion =~ ACKNOWLEDGMENTS
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