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ABSTRACT Microscopic periodic precipitation patterns featuring both primary
and secondary bands form in thin gel films. The initial conditions for the pre-
cipitation process are defined by wet stamping and are chosen such that the
primary and secondary structures are not necessarily collinear; the fact that these
structures propagate in different directions suggests that they form independently
of one another. This hypothesis is further supported by a theoretical model in
which two different intermediate species mediate band formation.

SECTION Surfaces, Interfaces, Catalysis

T he study of periodic precipitation (PP) phenomena in
general and the so-called Liesegang bands/rings (LR)
in particular dates back to late 19th century.1 The

phenomenon occurs when two coprecipitating inorganic
salts/electrolytes diffuse through certain gels,2,3 rocks,4-6 or
even pathological human tissues.7-10 For certain salt pairs,11

the resulting precipitate is not uniformly distributed but forms
discrete precipitation bands perpendicular to the direction of
propagation of the invading (outer) electrolyte. Recently, there
hasbeena resurgent interest in these reaction-diffusionpheno-
mena, owing to their applications in bottom-up fabrication,11

programmed assembly,12 and symmetry breaking processes,
with significant progress in controlling the locations of the
bands, their sizes, spacing,13,14 and even region-selective
pattern formation.14 Recent reports have examples of PP
structures with submicrometer bands,14 “reversed” (decreas-
ing) band spacing,15 helical patterns,16,17 control of 3D topo-
graphy,14 dynamic control of pattern formation using electric
fields18-20 or light,14 and rings made of oppositely charged
nanoparticles.21

Developing mechanistic models describing these pro-
cesses is crucial for improving our understanding and control
of periodic precipitation phenomena at small scales and/or in
constrainedmicrogeometries.22 Theoretical models of PP fall
into two broad categories, prenucleation23-26 and postnu-
cleation ones.27-30 In the first type, the nucleation and pre-
cipitation processes are not separated in space and time.
These models assume that nucleation is spatially discontin-
uous and occurs only at the band-forming locations where
the local concentration product of the electrolytes reaches
some threshold value (governed by the solubility product of
the formingprecipitate). Thenucleatedparticles grow, deplete
electrolytes in their surroundings, and form an immobile
precipitate, and the processes of diffusion, supersaturation,

nucleation, and precipitation repeat form one band to an-
other. The postnucleation models (e.g., competitive particle
growth27 or phase separation models)30 do not require that
nucleation and precipitation occur at the same location or
time. Instead, the bands evolve through the nucleation of a
mobile/diffusing precipitate, which grows by Ostwald ripen-
ing and ultimately aggregates into an immobile phase within
the forming bands.

Both types ofmodels reproduce the basic characteristics of
PP patterns, although special modifications are often neces-
sary to reproduce intricate details of the structures. One of the
most prominent examples here are the so-called secondary
structures, that is, microscopic bands superimposed onto the
larger primary bands. No conclusive theoretical or experi-
mental evidence has so far been provided to establish the
relationship between these structures, and it is still unclear
whether the secondary structures form independently of the
primary bands. This limited understanding is largely due to
the fact that experiments on the primary/secondary PP pat-
terns have been typically conducted in long, cylindrical gel
columns where the primary and secondary bands are always
parallel due to the constant orientation of the “planar” front of
the diffusing salts.

In this work, we propagate PP patterns in well-defined,
two-dimensional microgeometries, in which the primary and
the secondary bands are not necessarily collinear. Our experi-
mental results and the accompanying theoretical model
indicate that these two typesof structures form independently
of one another. Furthermore, themodel suggests that primary
bands form prior to the secondary ones.
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Our experiments were based on the so-called wet stamp-
ing (WETS) technique,11-13,31-35 inwhichanouter electrolyte
(here, AgNO3) is delivered from a hydrogel stamp micropat-
terned in bas-relief into a thin gel film doped with an inner
electrolyte (K2Cr2O7, Figure 1a)

13 Because the delivery of the
outer electrolyte from the stamp is, to a good approximation,
purely diffusive,31 the sizes of the uniform (turbulent) precipi-
tation zones around the stamped features are minimized,13

allowing for the resolution of multiple micro- or even nano-
scopic bands.14 In addition, because the thin gel “buckles”
proportionally to the amount of precipitate produced at a

given location (see ref 13 fordetails), the bands canbe studied
not only by optical microscopy but also the atomic force
microscopy (AFM), which reconstructs the topography of the
buckled precipitation zones in fine detail.14

Here, we propagated the LRs from two nearby circular
sources (Figure 1b). We hypothesized that because in this
arrangement the shapes of the isoconcentration profiles and
the direction of front propagation change with time, it might
be possible to spatially “separate” the primary and the se-
condary bands such that they are not always collinear.36 The
stamps were made by casting a 10% w/w solution of boiling

Figure 1. (a) Scheme of the experimental arrangement whereby the LRs are propagated in a ∼20 μm thick K2Cr2O7/gelatin film from
circular features of an agarose stamp soakedwith AgNO3. (b) Top view of the developed LR pattern features both the thicker primary bands
(colored black) and smaller secondary bands (only a fragment of the bands is shown in the boxed region). The primary and the secondary
bands are not necessarily collinear, as illustrated by the R angle in the zoomed-in region.

Figure 2. Experimental images of the LR patterns propagated from two nearby sources and featuring both primary and secondary bands.
(a) A large-area optical image of the LRs. The secondary bands are clearly visible in (b) and are further magnified in the AFM scan in
(c) (surface deformations correspond to LRs; see refs 13,14, and 22 for details) and the optical image in (d). Note that in this particular region
(relatively far away from the stamped features), the two types of bands are, to a good approximation, collinear.
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high-strength agarose (OmniPur, EM Science, Darmstadt,
Germany) against lithographically defined polydimethylsilox-
ane (PDMS) masters presenting cylindrical depressions on
their surfaces. After degassing and cooling for 30-60 min at
room temperature, the agarose layer was gently peeled off
from the PDMS master, cut into 1 cm �1 cm � ∼0.5 cm
square “stamps”, and soaked in a 30%w/wsolutionofAgNO3

for6-12h.Thegel filmsweremadebyspincoatinga2 in.� 3 in.
glass slide with a gelatin solution containing the inner
electrolyte potassium dichromate (K2Cr2O7). The composi-
tion of this solution was 1.5 g of gelatin (Sigma, from bovine
skin: Type B; gel strength: 225 Bloom), 0.3 g of K2Cr2O7,
1.4 mL of ammonium hydroxide, and 20 mL of water. The
slides were spin-coated at 300 rpm and left to dry in the dark
overnight at room temperature. Prior to WETS, the gelatin
layer was “strengthened” by irradiation with 0.7mW/cm2 of
254 nm UV light for 20 s, which caused additional cross-
linking of the gel by Cr(III) ions.14,35 Immediately prior to
use, the stamps containing the outer electrolytewere dabbed
onto a filter paper, had their surfaces blotted dry under a
stream of nitrogen, and were placed on a clean Petri dish for
5min (to equilibrate any hydration gradients thatmight have
developed during drying). Subsequently, the stamps were
applied onto the gel film to initiate pattern formation.

The fully developed LR patterns are shown in Figure 2.
Both optical images (Figure 2a,b,d) of the rings as well as the
AFM scans (Figure 2c) of surface buckling due to band
formation reveal that these patterns exhibit both the primary
and the secondary structures. The primary bands are∼20 μm
wide, 2-5 μm tall, and spaced by as much as 60 μm. The
secondary bands, on the other hand, are ∼3-5 μm wide,
0.5-1μmtall, and spacedby∼5-8μm. Importantly, although
the two types of patterns are parallel near and far away from
the two stamped features (cf. Figure 2a), they are not
collinear (and even cross each other) in the regions between
the sources, as illustrated in Figure 3. Moreover, the second-
ary structures are clearly visible in between the primary
bands. In extreme cases, the secondary patterns are con-
tinuous across the fork defects of the primary bands (see
Figure S1 in the Supporting Information, SI). Together, these
observations suggest that secondary structures do not form
by simple redistribution of particles within the primary
bands and that the mechanism of their formation is likely
independent of that of primary structures. In this context, we
note that recent experiments on LR in the AgNO3/Ag2Cr2O7/
gelatin system conducted by one of the authors (I.L., see ref
37) indicate that secondary bands form after the nearby
primary rings have developed (see ref 38 for a movie
illustrating this process).

To rationalize our experimental observations, we devel-
oped a theoretical model based on the Cahn-Hilliard equa-
tion,30,39,40 which is a powerful tool for describing phase
separation and precipitation phenomena and, when com-
bined with reaction-diffusion, can reproduce periodic preci-
pitation in both the “classical” LR cases and also systems
involving electric fields or 3D patterns.37,41 In our case, pat-
terns comprising primary/secondary structures can be repro-
duced if, in the CH formalism, we assume that the primary
and the secondary bands consist of two different types of

intermediates/precipitates forming at different time scales,42

and these precipitation processes (primary and secondary)
are separated kinetically and thermodynamically Thus, the
free energy is approximated as a sum of the free energies of
the two precipitates, and the functional forms of these free
energies are assumed to be the same, F1(x) = F2(x) = f(x).
While the nature of these intermediates cannot be verified
experimentally, one plausible interpretation would be that
they contain different types of precipitates (either in terms of
the size or compositions of the precipitate's particles).

In our model, the outer electrolyte, A, diffuses from an
agarose stamp into the gelatin layer and reacts with the
inner electrolyte, B, to give an intermediate sol species C1,
AþB sf

k
C1. This sol can diffuse and phase separate

until ultimately forming an immobile precipitate C,
C1 sf

K1
C. In addition, intermediate C1 can transform into

another intermediate D1, which can diffuse and phase
separate before transforming into an immobile precip-
itate D, C1 sf

K2
D1 sf

K3
D. Combining these reactions with

the diffusion of the species involved, the equations govern-
ing the dynamics of the system take the following form:

Dta ¼ DΔa- kab ð1Þ

Dtb ¼ DΔb- kab ð2Þ

Dtc1 ¼ D1Δc1 þ kab-K1c1 -K2c1 ð3Þ

Dtc ¼ - λcΔ
δf
δc

� �
þK1c1 ð4Þ

Dtd1 ¼ D1Δd1 þK2c1 -K3d1 ð5Þ

Dtd ¼ - λdΔ
δf
δd

� �
þK3d1 ð6Þ

Here a, b, c1, c, d1, and d are the concentrations of the
appropriate species, f is the free energy of the system, Δ is
the Laplace operator, and parameters λ determine the time
scales of phase separation. D is the diffusion coefficient of
the A andB,D1 is the diffusion coefficient of the intermediate
species C1 and D1 (we assume that the intermediate species
diffuse slower than either the inner or the outer electrolytes),
while k, κ1, κ2, and κ3 are the chemical reaction rate con-
stants, as defined previously. We take k to be large, resulting
in a reaction zone of negligible width (this assumption is
compatiblewith the observations in typical LRexperiments).
In eqs 4 and 6, the free energy of the system is assumed to
have minima at some low (clow) and high (chigh) concentra-
tions, and it is assumed to be of a Ginzburg-Landau
form.30,40 Its functional derivative is most compactly given
in terms of a shifted and rescaled concentration m = (2c -
chigh - clow)/(chigh - clow)

ch - c1
2

δf
δc

¼ δf
δm

¼ m-m3 þ σΔm ð7Þ

Similar transformation can be applied to d. Parameters λ in
eqs 4 and 6 and σ in eq 7 are setting the spatial and the time
scales, respectively. In eqs 4 and 6, λc 6¼ λd to ensure the time
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scale separation in precipitation processes. In a typical
simulation, the values of parameters producing both pri-
mary and secondary bands were D = 1, D1 =0.1, λc = 1,
λd = 0.025, σ = 1, k = 0.1, κ1= 0.01, κ2 = 0.01, and κ3=
0.1. Partial differential eqs 1-6 were discretized on a uni-
form square grid and were solved using a backward Euler
method. The initial conditions were set to match the experi-
ments. The inner electrolytewas homogeneously distributed
in the gelatin domain with concentration b0, while the
initial concentrations for the other species were set to 0.
The outer electrolyte diffused from outside with the fixed
concentration at the boundary (a(t,x) = a0). No-flux bound-
ary conditions were applied at the boundaries of the gelatin
domain.

Figure 4 illustrates that the model reproduces the main
experimental observations and can capture independent
spatiotemporal formation of the primary and secondary
bands. Specifically, primarily bands are predicted to form first
followed by the formation of secondary bands; while this
conclusion cannot be directly verified in the micropatterns
studied here, it agrees with our previous experiments de-
scribed in ref 37. Also, ourmodel confirms that the secondary
bands formnot only in between the primaryones, but the two
types of structures can also coexist in the same locations (i.e.,
secondary bandsare superimposedonto theprimaryones; cf.

Figure 4 versus Figure 3) and are not necessarily parallel to
one another (e.g., regionmarked with an arrow in Figure 4c).
On the other hand, we note that the Cahn-Hillard equation
cannot reproduce continuous bands in the regions directly
between the circular sources, where the curvature of contin-
uous rings would be high. Consequently, in an effort to
minimize free energy, the CH equation separates the bands
into energetically more favorable circular regions. We note
that the inability to deal with highly curved patterns is a well-
known limitation of the CH approach.

In summary, the major finding of our study is that second-
ary structures in Liesegang patterns develop independently of
the primary ones, likely on different time scales. The model
that we developed can be used to guide rational design of
complex primary/secondary band structures for potential
uses as nonbinary optical gratings.11,13,14 In a wider context,
we suggest that theWETSmethod of propagating PP patterns
from low-symmetry microgeometries, where the concentra-
tion gradients change direction in time, can become a useful
method for spatially resolving pattern-forming processes char-
acterized by a temporal offset.

SUPPORTING INFORMATION AVAILABLE Additional
experimental images. This material is available free of charge via
the Internet at http://pubs.acs.org.

Figure 4. Modeled primary (pink) and secondary (green or red if within primary bands) patterns in a 2D Liesegang system at times t=300
(a), 400 (b), and 500 (c). Note that primary bands form first. The simulation used the following parameter set:D=1,D1=0.1,D=1, λc=1,
λd=0.025, σ=1, k=0.1, κ1=0.01, κ2=0.01, and κ3=0.1. The size of the domain is 700�700. The grid spacing and the time step are 1.0
and 0.02, respectively.

Figure 3. Close to and in between the stamped features, the primary and the secondary structures are not collinear, as indicated by the
angle R. Here, the smaller secondary bands “cross over” the larger primary “waves”; (a) an optical micrograph; (b) the AFM scan of the
surface, whereby surface deformations coincide with the locations of the deposited precipitate.
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