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1. Introduction

1.1. Aviation and atmospheric turbulence

It is well known that aviation is strongly related to atmospheric processes. Numerous 

weather events jeopardize flight safety like mountain waves (as they represent serious hazard 

sources such as strong up- and down-drafts), downslope windstorms (Holmboe and 

Klieforth, 1957; Jiang and Doyle, 2008), clear air turbulence (CAT) associated with tropo-

spheric wave breaking (Peltier and Clark, 1979; Belušić et al., 2007), low-level turbulence 

and ‘rotors’ associated with wave-induced boundary layer separation (Doyle and Durran, 

2002; Strauss et al., 2015) as well as hazards to surface transport such as very strong or gusty 

winds (Grisogono and Belušić, 2009). 

Turbulence is defined as high-frequency oscillations in the wind. The order of their period 

ranges from approximately 1 minute to 0.1 seconds. Since turbulence has been associated 

with many aviation accidents, various researches have been conducted to understand the 

physical process behind it. Lilly (1968) proposed that cloud-top cooling was strongly related 

to turbulence in the stratus-topped boundary layer, a notion that has subsequently been cor-

rected introducing convection as the main source for turbulence (Deardorff, 1980; Moeng, 

1986; Hanson, 1987; Curry et al., 1988). In general, thermal convection without any cloud 

formation is also a source of turbulence in the atmospheric boundary layer, as the vertical 

velocity in thermals are usually in the same order as the horizontal wind. This is called ther-

mal turbulence (Malkus and Chandrasekhar, 1954; Elder, 1967; Kaimal and Finnigan, 

1994; Sun et al., 2006). 

Due to Earth-atmosphere interaction and internal viscosity of the air, in the atmospheric 

boundary layer (ABL), winds tend to deviate on isobars, towards lower pressure regions. 

This deviation creates vertical wind shear which can lead to mechanical turbulence causing 

vertical mixing between the air layers. Above the ABL in the free troposphere, turbulence 

due to viscosity is less present and, in mid-latitudes, the geostrophic wind prevails following 

the isobars (Oke, 2002). 

Wind shear is considered a major source of turbulence in the troposphere (Vinnichenko 

and Dutton, 1969; Browning et al., 1970; Wyngaard et al., 1971; Kim and Mahrt, 1992). 

Basic fluid dynamics states that shear cannot exceed a maximum in any fluid, such as the 

atmosphere, without transforming the laminar flow turbulent. Due to the high frequency of 

turbulent oscillations, the wind components can change markedly in space, producing strong 
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local wind shear on a spatial scale comparable to an aircraft’s size (Cushman-Roisin, 2011). 

This is responsible for the most weather-related in-flight injuries according to the investiga-

tions (Sato, 2004). 

Despite that most of the flight duration for manned aircraft is above the ABL (Watkins et 

al., 2010), there is only a moderate focus on this aspect of flight as most of the weather-

related accidents occur during takeoff or landing. However, CAT and other turbulence 

sources can be encountered in this layer presenting a serious hazard for the crew and the 

passengers. 

Depending on the type, some airplanes are more susceptible to the effects of turbulence 

than others. Light aircraft are more significantly affected even by light turbulence than heav-

ier aircraft. Relatively few reports of turbulence are received from fast military jets which 

are designed to have a higher tolerance. 

This work focuses on the study of Mountain Waves (MTW), which occurs when winds 

flow over topography. Eliassen and Palm (1960) highlighted their responsibility for trans-

porting a significant amount of momentum and energy to the middle and upper atmosphere. 

Thus, MTW can be both an advantage and a disadvantage to aviation. 

Experienced glider pilots look for the updraft side of MTW to gain altitude. With ascent 

rates of approximately 10 to 50 m s-1 and to soar a glider to an altitude of 20 to 30 km without 

an engine, MTW can be very useful in gaining height quickly. Within such updrafts, the 

turbulence is usually weak, so the glider pilot can use it to assure a smooth flight (Teets Jr. 

and Carter, 2003). 

Over the history of aviation, numerous aircraft accidents have occurred over mountain 

areas, for which there was no satisfactory interpretation or explanation and it has been known 

that the airflow over mountainous or hilly terrain is more disturbed than over flat terrain. 

Recently, turbulence related incidents accounted for over half of all the commercial carrier 

accident and the National Transportation Safety Board reported that incidents between the 

years 1990 and 2000 and caused around 65% of all weather-related commercial aircraft in-

cidents from more recent investigations (Sharman et al., 2000; Sharman et al., 2006). 

Several mechanisms and environmental conditions can cause vertically propagating 

MTW to disturb aircraft operations: 

• Increase of the wave amplitude as waves propagate upwards in decreasing air

density (Eliassen and Palm, 1960).

• Wind speed decreasing with height, which may lead to a layer of zero wind speed

(Booker and Bretherton, 1967).
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• Creation of environmental critical levels by wind direction changes (Broad,

1995).

• An abrupt increase in atmospheric stability, for example a sharp inversion or the

transition from the troposphere to the stratosphere (VanZandt and Fritts, 1989).

Since the discovery of MTW in 1933 (Hirth, 1935; Küttner, 1938), several theoretical 

and numerical studies were made to describe them (Scorer, 1949; Long, 1953; Küttner, 1959; 

Scorer and Klieforth, 1959; Smith, 1979; Tokgozlu et al., 2006). However, our knowledge 

about their related turbulence is limited and they are examined predominantly by numerical 

models designed for simulating mountain waves and related turbulence (Pao, 1969; Orlanski 

and Ross, 1973; Murrow et al., 1982; Tan and Eckermann, 2000; Epifanio and Quian, 2008; 

Smith and Skyllingstad, 2009). A comprehensive review of the current state in this topic was 

given recently by Teixeira (2014). Numerical models operationally used in general weather 

forecasting have difficulties accurately forecasting turbulence because of their coarser reso-

lution, thus, forecasters usually use synoptic-scale analysis techniques and numerical model 

products based mainly on model wind and wind shear (Ellrod and Knapp, 1992). 

1.2. Aircraft accidents outside Hungary 

On 5th March 1966, the flight 911 of the British Overseas Airways Corporation (BOAC) 

was traveling around the world and made a stop in Tokyo. Continuing the journey, the same 

day, the plane crashed shortly after take-off as a result of an encounter with severe turbulence 

near Mount Fuji in Japan, killing all 113 passengers and 11 crew members. Vertical accel-

erations were so strong that parts of the plane experienced dangerous structural damage 

(Fig. 1). According to satellite observations, 30 minutes before the accident, lenticularis 

clouds were visible about 240 km south of the peak, indicating CAT (Job, 1995). 

Investigators discovered the true danger of the poorly understood mountain wave phe-

nomenon, and the accident served as a wake-up call to the aviation industry about this threat 

(Dempsey, 2019). Mount Fuji has a height of 3776 m above mean sea level and width of a 

few kilometers. As it is the tallest mountain in Japan, it is directly exposed to the stream of 

wind blowing over the islands from west to east. The investigation report explained that 

powerful existed in the lee side of Mount Fuji and that the breakdown of the waves resulted 

in small-scale turbulence, in which the intensity might have become severe or extreme in a 

short period (Stone, 1968). 

In a more detailed explanation by Dempsey (2019), it is described that a mountain wave 

can overturn or rotors can cause high vertical wind speeds, and strong spatial variations in 
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it, generating vertical wind gusts over 100 km h-1. An airplane can easily handle a 

100 km h-1 horizontal wind because the resulting aerodynamic forces do not differ much 

from the normal usually experienced in flight. In contrast, a vertical wind of the same speed 

is extremely rare, and a plane designed to withstand such horizontal wind loads may not be 

able to withstand those same loads from a different direction. A 100 km h-1 vertical gust can 

cause severe structural damage to an airplane. 

Another incident on 16th December 2015 was when a Cessna 182Q aircraft crashed, kill-

ing two passengers and injuring the pilot. The crash took place near the Kareedouw – 

Tsitsikamma Mountains, South Africa. Analysis of meteorological information revealed 

later that MTW was involved, and the associated turbulence was most likely the cause of the 

crash (Van der Mescht and Geldenhuys, 2017). 

On 30th December 2015, an Air Canada flight encountered severe mountain wave turbu-

lence over Alaska. Pilots reported that turbulence lasted about 40 minutes and the flight 

made an emergency landing. In the aftermath of the incident 21 passengers were hospitalized 

(Gast and Moshtaghian, 2015). 

Fig. 1. The Boeing 707 aircraft G-APFE crashed on 5th March 1966 at an elevation of 1320 m on 

Mount Fuji, Japan (Dempsey, 2019; Original source is unclear). 
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1.3. Aircraft accidents in Hungary 

Since 2006, approximately three airplane accidents per year can be connected to mountain 

turbulence according to the requested accident investigations at the Transportation Safety 

Bureau of Hungary. In most of the cases, however, some ultralight aircraft (usually para-

glider or hang-glider) is involved and the investigation of meteorological circumstances are 

often not detailed enough to prove the connection. 

For example, on 14th May 2006 near Hármashatár-hegy (Budapest), a paraglider pilot 

encountered a strong headwind above the hilltop. However, more investigations from the 

authority need to be done, to confirm if the presence of turbulence is related to this incident 

(Janovics and Farkas, 2006). 

1.4. Motivation of the study and objectives 

MTW is often accompanied with other turbulence phenomena, for example rotor motions, 

hydraulic jumps, areas of increased and decreased wind speeds as well as fluctuations in the 

lift. The effect of these can be damaging if the pilot is unaware of the flow in mountainous 

terrain (Sharman and Lane, 2016). 

Currently, airlines use turbulence forecasts, pilot reports and real-time weather observa-

tions (radar, satellite, etc.) to plan safe sky routes. If mountain wave activity is forecasted or 

reported, Delta Air Lines, for example, adopts a mountain wave avoidance system for which 

pilots can either avoid selected altitudes or avoid the steep terrain area (Sharman and Lane, 

2016). 

To make mountain flying safer, a wide range of research has been conducted in recent 

years to gain a better understanding of airflow over mountains which is useful for the insur-

ance of the national mountain flight operations. As a result, much useful information has 

been gathered which, if properly used, would be instrumental in reducing the number of 

aircraft accidents over mountains. 

This thesis work is a contribution to the better analysis and understanding of the MTWs 

atmospheric process and development of aviation forecasting. The Unit of Aviation Meteor-

ology at the Hungarian Meteorological Service (HMS) provides forecast products for gen-

eral aviation (thermal soaring, balloon, mountain wave gliding, etc). The information pub-

lished for mountain wave gliding, for example, is a wind profile (time-height section) for 4 

airfields (Dunakeszi, Kőszeg, Pécs-Pogány and Gyöngyös-Pipishegy) up to 12 km height, a 

surface wind gust and a precipitation map. However, the theory of MTW is not governed 
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only by the wind profile so this raises the need for extending the forecast products by intro-

ducing more useful parameters (Salavec, 2018). 

The purpose of the present work is to serve as a basis for the documentation of the new 

MTW forecast products planned to be published on the http://aviation.met.hu website. 

The steps of this research are as follows: 

• Designing the products. Presentation and explanation of the preliminary plans,

generated by the HAWK-3 visualization system, will be done in this thesis.

• Analysis of a case study using the operational numerical weather prediction

(NWP) model AROME (Seity et al., 2010; Szintai et al., 2015), for a case when

MTW formation was observed in Hungary.

• Examination of several weather situations both with and without MTW formation.

Interpretation of features visible on the products in cases when MTW formation

or trapping is expected will be part of the planned documentation attached to the

products.

• Development of a possible automatic detection method of probable trapping of

MTW in the model simulation will be proposed.

The thesis is organized as follows: Section 2 contains a review of the literature: a quali-

tative summary of the mountain wave and related phenomena are discussed, followed by the 

physical aspects of the linear theory. Methodology of the research published in this thesis is 

detailed in Section 3. In Section 4, a case study will be presented with samples of the planned 

products, a sensitivity test, and a proposal of a wave trapping detection method. Conclusions 

and further plans are outlined in Section 5. 
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2. Literature Review

2.1. Gravity waves, mountain waves and lee waves

One of the most interesting atmospheric phenomena related to the airflow over mountains 

is the generation of atmospheric gravity waves. These waves have two types: surface waves 

existing on the interface between media with different densities, and internal waves within 

one medium (Fritts and Alexander, 2003). Gravity waves can be generated in the tropo-

sphere by frontal systems, thunderstorms, or airflow over mountains (Balachandran, 1980; 

Ralph et al., 1999; Lin and Zhang, 2008; Fritts and Nastrom, 1992). 

Atmospheric gravity waves play a key role in the middle atmosphere dynamics as they 

enhance the transfer of momentum from the troposphere to the stratosphere and mesosphere 

(McLandress, 1998). These waves are constantly present in the atmosphere (Francis, 1975; 

Nappo, 2012), but their existence is only occasionally revealed visually by cloud patterns. 

Gravity waves induced by orographic barriers, generally belong to the category of internal 

waves, as they propagate in the interior of the fluid and not at the discontinuity surface be-

tween two media with different density. Internal gravity waves are transverse waves for 

which the parcel oscillations are perpendicular to the direction of propagation. MTW is a 

type of internal gravity waves, excited by the topography and they play a part in the atmos-

pheric dynamics at different scales (Nappo, 2012; Holton and Hakim, 2013). 

Wurtele et al. (1996) categorized lee waves as hydrostatic and non-hydrostatic lee waves. 

Hydrostatic waves are found only above the mountain while non-hydrostatic waves can 

sometimes propagate far downstream of the mountain. The wavelength of the non-hydro-

static waves is usually shorter than that of the hydrostatic waves. Resonant waves are defined 

as a superposition series of non-hydrostatic gravity waves with both upwards downwards 

propagation in vertical (Tutiš, 1992; Lane et al., 2001). 

Topography and the generation of the MTW can modify several elements of weather pro-

cesses, like precipitation, wind, cyclogenesis, downslope windstorms, etc. (Guarino, 2017). 

Sometimes an inversion is above the mountains, so the air can flow over the summit if it has 

enough kinetic energy. In other cases, when inversion is below the mountain top, the air 

must often flow around the mountain (Scorer, 1951; Reiter and Rasmussen, 1967; 

Uhlenbrock et al., 2007). 

When the air flows over a mountain ridge, internal gravity waves can be excited. In the 

case of high mountains and specific environmental conditions, in terms of the vertical profile 
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of wind speed and air density, the typical order of the wavelength of these waves range from 

100 m to 10 km. MTW of high amplitudes (specifically trapped lee waves) are associated 

with the formation of lenticular and lower-level rotor clouds (Scorer and Klieforth, 1959). 

They transport energy and may drive changes in winds, temperature, and chemical compo-

sition of the atmosphere through redistribution of atmospheric constituents in wave breaking 

regions and forcing the mean air circulations (Guarino, 2017). 

As MTW propagates upward, they can overturn and break (in a similar manner to water 

waves running up a beach). Downslope windstorms can often be associated with mountain 

wave events. Theory suggests, however, that they are not necessarily related (Klemp and 

Lilly, 1975; Lilly, 1978; Dierking, 1998). In these situations, surface wind speeds on the lee 

side sometimes exceed the speed of 150 km h-1 (Minár et al., 2008; Guarino, 2017). 

People living in the vicinity of mountains are familiar with their impact on the local 

weather and the associated implications for their lives (Beall, 2007; Kaltenborn et al., 2010; 

McDowell et al., 2013). For example, hikers depend on the mountain weather for their tours, 

tourism entrepreneurs rely on snowfall in the winter season (Abegg, 1996), and energy sup-

pliers benefit from enhanced wind speeds at the flanks of the high mountains for wind power 

production (Ahmed, 2014). The impact of mountain turbulence on aviation operations is one 

of the motivations for their scientific and physical study. 

2.2. Mountain waves and associated phenomena 

Depending on the humidity in the air, MTW can be divided into three categories (Houze, 

2014): 

• Dry waves: when no cloud pattern is associated with them.

• Moist reversible waves: when the atmosphere contains enough moisture and the

stratification is stable, the air in the cloud begins to sink, and lenticular clouds

(altocumulus lenticularis) may form at the wave crests.

• Moist irreversible waves: if there is enough moisture and the stratification is con-

ditionally unstable, deep convection (cumulus cloud formation) may start at the

top of the mountain. This usually destroys wavelike streams downstream in real-

ity, but it appears in the mathematical description of the waves as a degenerate

solution.
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As the moisture and stability has a vertical profile, the different layers of air can produce 

different types of waves (Barcilon and Fitzjarrald, 1985). For example, below a moist re-

versible layer (i.e. a lenticular cloud) the wave is dry. Multilayered lenticular clouds often 

appear in this situation. Another example may be a pileus cloud which is a moist reversible 

wave over a moist irreversible wave. 

MTW can also be categorized based on their energy transport into two major types: ver-

tically propagating waves that transport energy to high altitude vertically and trapped lee 

waves that can extend only to some altitudes. 

2.2.1. Vertically propagating waves 

Vertically propagating waves occur usually when static stability increases above the 

mountain top and when the wind speed does not increase significantly with height. They 

typically extend vertically up to the higher troposphere but evidence for their presence in the 

stratosphere and mesosphere is also well known (Schöberl, 1985; Bacmeister, 1993; Fritts 

et al., 2018).  

Their horizontal wavelengths can exceed the order of 10 km. These waves become fre-

quently more amplified and tilt upwind with height (Sharman et al., 2017), however, they 

Fig. 2. Illustration of the vertically propagating waves (after Durran and Klemp, 1983). 
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are present only in the vicinity of the mountain (Fig. 2.). This is because the vertical and the 

horizontal components of these waves’ group velocity are in the same order, provoking the 

carrying out of the energy as it dissipates rapidly downstream, which leads to a smaller over-

all horizontal extension of the wave pattern (Lilly and Kennedy, 1973). This is in contrast 

with the trapped lee waves. 

It was proved in the research of Bramberger et al. (2020), that these tilted amplified waves 

can create strong horizontal wind and temperature gradients leading to flight stall warnings. 

2.2.2. Trapped lee waves 

Unlike the vertically propagating waves, trapped waves propagate horizontally and can 

extend over several hundreds of kilometers downstream of a mountain (Smith, 1979). 

Usually, they have horizontal wavelengths in the order of 100 m to 10 km and they are 

trapped in a layer with high static stability and medium wind speeds, generally in the lowest 

5 km of the troposphere (Durran, 1986). They occur when wind speed above the mountain 

increases sharply with height and/or when stability decreases in a layer above the mountain 

top. As the wave energy is trapped within the stable layer, these waves can propagate far 

downwind of the mountain crest (Fig. 3.). 

Fig. 3. Illustration of clouds related to trapped lee waves (after Durran and Klemp, 1983). 
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More detailed studies (Chunchuzov, 1994; Nance and Durran, 1997; Ralph et al., 1997a, 

Hills and Durran, 2012) report that MTW can have a “non-stationary” behavior. This is 

mainly because resonant wave modes are sensitive to changes in the average wind and tem-

perature profiles (Durran, 2003). 

Fig. 4 shows trapped lee wave clouds over southern France, Sardinia, and Tunisia (light 

pink), while high level cloudiness is present due to vertically propagating lee waves over the 

Alps (orange). The former consist of water drops and the latter are composed of ice crystals. 

Since sublimation of the ice crystals in the wave trough is slower than their formation, they 

remain visible as a homogeneous shield. 

2.3. Other Phenomena Associated with MTW. 

2.3.1. Cap clouds 

Cap clouds often appear above mountain ridges as air is forced to rise on the windward 

side (Fig. 5.). If the flow is sufficiently humid, the moisture will condense to a cloud bank 

Fig. 4. MSG Daytime Microphysical RGB composite image at 12:00 UTC, 21st January 2005. Light 

pink colors indicate mid-level cloudiness consisting of water drops. Wave-like pattern is visible in 

these clouds over southern France, Sardinia and Tunisia. The orange field over the Alps is a high-

level cloud shield caused by vertically propagating waves. 
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that follows mountain contours. As the flow descends in the lee of the mountain ridge, the 

clouds disappear. Cap clouds can indicate likely wave activities downstream, and their ab-

sence doesn’t mean that waves are absent because waves may form in drier conditions with-

out cloud formation (Carney, 1995; Downing, 2013). 

2.3.2. Downslope windstorms 

Strong downslope windstorms may accompany mountain wave systems (Klemp and Lilly, 

1975), usually associated with strong cross barrier flow and an inversion near barrier top. In 

extreme cases, wind can exceed 50 m s-1 and can lead to severe turbulence and strong wind 

shear at low altitudes causing significant danger to the pilots (Smith and Skyllingstad, 2011). 

Examples of downslope windstorms are the bora along the northeastern shore of the Adriatic 

Sea and the Taku wind along the Gastineau Channel in southeast Alaska (Smith, 1979), and 

several other names are known in different cultural regions. 

Fig. 5. Cap clouds over volcanoes Fuego, Acatenango, and Agua, Guatemala, on 16th November 

2014. A glory on the mist is visible in the foreground. Photo by Marvin Grijalva (Griljava and 

Foster, 2015). 
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2.3.3. Rotors 

The formation of rotors, (appearing often in the form of a horizontal roll vortex), is tightly 

linked to the pressure force that MTW exerts on the low-level flow in the lee side of a moun-

tain (Queney, 1955; Scorer, 1955; Vosper et al., 2006). These accelerate the flow under the 

downwelling wave branches but decelerate it under the upwelling zones. Under the ascend-

ing side of a lee-wave, the flow is divergent causing a mass “deficit”. Thus, a reverse flow 

sets up under the wave crest, leading to a flow separation under the descending side of the 

wave (Fig. 6.). In this case, a closed circulation downwind of the mountain ridge forms, 

rotating around a horizontal axis parallel to the ridgeline. This stream is called a type 1 rotor. 

Type 2 rotor can form over a trough of the mountain wave, especially when the wave ampli-

tude decreases rapidly with height, for a similar reason (Grubišić et al., 2015; Hertenstein 

and Küttner, 2016). Numerous aviation accidents have been related to encounters of com-

mercial and general aviation aircraft with rotors (Udina et al., 2020). 

Some visual signs of these rotors are the clouds associated with them (Carney, 1995), 

called rotor clouds. It’s possible that atmospheric rotors were discovered earlier than moun-

tain waves by Croatian geophysicist Andrija Mohorovičić in the 1920s (Herak and Herak, 

Fig. 6. Illustration of (type 1) rotor formation under a mountain wave crest. Due to surface friction 

and the divergence under the upwind side of the wave, a reverse streaming appears at low levels, 

causing a closed circulation under the wave crest (Udina et al., 2020). 
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2007; Grubišić and Orlić, 2007). Rotor clouds can develop to cumulus clouds if the moisture 

is sufficient. They are found near the top of the rotor circulation and often under higher 

lenticular clouds. Immediately above this cloud, the turbulence decreases significantly. 

Since the rotor can become convectively unstable in some situations, the downdraft of the 

rotors can be severely turbulent. This phenomenon may be called “rotor breaking”, is similar 

to the wave breaking phenomena in the higher troposphere (Smith, 2003; Kozhevnikov et al., 

2020). 

Vertically propagating and trapped lee waves can coexist. As the formation of rotors can 

be different associated with the individual wave modes, these rotors can interact and affect 

the wave-induced streaming in a complex way. This can lead to the appearance of unusual 

patterns in, for example, the rotor clouds or the associated turbulence (Grubišić et al., 2008). 

2.3.4. Breaking waves 

The vertical wind shear has an important effect on the MTW. Increasing wind speed with 

height can cause the mountain wave crests to tilt towards the downwind side. Reaching a 

critical value, wave slopes get steeper until the wave crest overturns the lower part. In this 

case, an air parcel of higher density becomes placed above air of lower density. This leads 

to convective instability and causes a sudden increase in downdraft velocity. As a conse-

quence, the flow becomes severely turbulent (Smith, 1979; Ralph et al., 1997b; McHugh and 

Sharman, 2013). 

2.4. The linear theory of mountain waves 

As passing wind over mountains is forced to rise, kinetic energy is transformed into po-

tential energy. Fluid parcels tend to return to their original height if the stratification is stable. 

In this case, gravity and buoyancy together serve as a restoring force, and the parcels begin 

to oscillate, thus, atmospheric internal waves develop (Holton, 2013), Atmospheric condi-

tions during the winter season are more favorable to the development of mountain waves 

because of the stable stratification in the lower troposphere. 

Orlanski (1975) categorized atmospheric phenomena by their characteristic size and life-

time (Fig. 7.). According to this, short gravity waves (including for example Kelvin-Helm-

holtz waves) belong to Micro-α (200 m to 2 km) scale. Mountain winds and inertial waves 

usually belong to Meso-β (20 km to 200 km), CAT and internal gravity waves are considered 

to Meso-γ (2 km to 20 km). Mountain waves in general, however, can have either shorter or 

longer horizontal wavelength, so they are an example of phenomena of which the spatial 
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scale spans through several scales, namely from Micro-α to Meso-β (Micro-α is often named 

Meso-δ). Moreover, characteristic size and time of mountain waves can be interpreted in two 

contexts: a) their wavelength and time period of oscillations and b) in the case of trapped 

waves, the area affected by the waves and the time for which the waves are present. This is 

determined usually by the synoptic situation (mainly the frontal systems), usually at the 

Meso-α scale. 

In the next subsections, the major concepts of the linear theory introduced by Scorer 

(1949), and the analytical description of the MTW and its derivation via the vertical velocity 

Fig. 7. Categorization of atmospheric phenomena by Orlanski (1975). Internal gravity waves be-

long usually to Meso-γ scale. 
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perturbation will be discussed. Four special cases will be solved analytically giving expla-

nations for some concepts arising in this linear theory (Table 1). 

Table 1. Special cases and concepts introduced by linear theory. Periodic mountains are repre-

sented with a sinusoid function, while isolated mountain with a Fourier-transformable function 

(here an Agnessi-function). In the one-layer atmosphere, the Scorer-parameter (as well as the hori-

zontal wind and the BV-frequency) is assumed to be constant, while in the two-layer atmosphere, 

two layers of differing parameters (but constant with height in each layer) are considered. 

2.4.1. Governing equations 

𝜕𝜌𝑢𝑖𝜕𝑡 + 𝑢𝑗𝜕𝑗(𝜌𝑢𝑖) = −𝜌𝑔𝑖 − 2𝜀𝑖𝑗𝑘Ω𝑗𝑢𝑘 − 𝜕𝑖𝑝 − 𝜂𝜕𝑗𝜕𝑗𝑢𝑖 − 𝜂3 𝜕𝑖𝜕𝑗𝑢𝑗 (1a) 𝜕𝜃𝜕𝑡 + 𝑢𝑗𝜕𝑗𝜃 = 𝜈𝜕𝑗𝜕𝑗𝜃 − 𝜕𝑗𝑄𝑗∗+𝐿𝐹𝐸𝜌𝑐𝑝𝑑 (1b) 

𝜕𝜌𝜕𝑡 + 𝜕𝑗(𝜌𝑢𝑗) = 0 (1c) 

Equations (1) describe the atmospheric hydro-thermodynamic equation system, the Na-

vier-Stokes equations of motion (1a), the thermodynamic equation expressed with potential 

temperature (1b) and the continuity equation (1c). For vector quantities, we use the Einstein 

summation convention. 

Here, 𝜌 is density, 𝑢𝑗 = (𝑢, 𝑣, 𝑤) the wind components, 𝑔𝑖 = (0,0, 𝑔) is gravity,Ω𝑗 = (0, Ω sin 𝜑 , Ω cos 𝜑) is Earth’s rotation at latitude 𝜑, 𝑝 is pressure, 𝜂 is dynamic vis-

cosity, 𝜃 is potential temperature, 𝜈 is thermal conductivity, 𝑄𝑗∗ is radiation, 𝐿𝐹𝐸 is latent

heat and 𝑐𝑝𝑑 is specific heat at constant pressure. 

Several simplifications can be made to the equation system based on the characteristic 

behavior of the mountain waves. 

One-layer atmosphere Two-layer atmosphere 

Periodic mountains 

(sinusoid) 

Monochromatic solution 

Vertically periodic/evanescent 

Wave tilting 

Vertically propagating waves 

Isolated mountain 

(Agnessi-function) 

Wave reflection 

Monochromatic resonance 

Discrete trapping 

Horizontally periodic solution 

Upper layer solution 
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1. Incompressibility: 𝑑𝜌𝑑𝑡 = 0 ⇒ 𝜕𝑗𝑢𝑗 = 0 

2. Rotation of Earth is neglected 

3. Inviscid fluid 

4. Radiation and latent heat is neglected 

5. Stationary flow: 𝜕𝜕𝑡 = 0 

6. Reynolds-decomposition: variables can be written as the sum of their average (de-

noted with an overbar) and a perturbation (denoted with a prime): 𝐴 = 𝐴 = 𝐴′.  
Average quantities represent synoptic scale situation (which leads to further simplifica-

tions), while perturbations describe the waves. At this point, the equation system is as fol-

lows: 

 (𝜌 + 𝜌′)(𝑢𝑗 + 𝑢𝑗′)𝜕𝑗(𝑢𝑖 + 𝑢𝑖′) + (𝜌 + 𝜌′)𝑔𝑖 + 𝜕𝑖(𝑝 + 𝑝′) = 0 (2a) 

 (𝑢𝑗 + 𝑢𝑗′)𝜕𝑗(𝜃 + 𝜃′) = 0 (2b) 

 𝜕𝑗𝑢𝑗′ = 0 (2c) 

7. Linearization (to obtain wave solution): We assume that primed quantities are 

small enough to neglect terms with their product, i.e. 𝐴′ ≪ 𝐴 ⇒ 𝐴′𝐵′ ≈ 0. With 

this, turbulence is neglected. 

8. The average state of the atmosphere is in hydrostatic equilibrium: 𝜕𝑖𝑝 + 𝜌𝑔𝑖 = 0 

9. Boussinesq approximation: 𝜌′ ≪ 𝜌. Note that 𝜌′𝑔𝑖 will remain in the equation 

because 𝜌𝑔𝑖 already vanished due to the hydrostatic approximation. 

10. Two-dimensional description in (𝑥, 𝑧) plane: 𝑣 = 𝜕𝜕𝑦 = 0 

11. Average state of the atmosphere is horizontally homogeneous: 𝜕𝐴𝜕𝑥 = 0 

12. Average vertical velocity can be neglected: 𝑤 = 0 

13. Density can be exchanged with potential temperature. After dividing the equations 

of motion with 𝜌, terms with 𝜌′𝜌  appear. Reynolds-decomposing the ideal gas law 𝑝 = 𝜌𝑅𝑇 and applying Poisson’s equation leads to 𝜌′𝜌 = − 𝜃′𝜃 . 

14. Other variables can be introduced: 

a. Buoyancy: 𝑏 = 𝑔 𝜃′𝜃  

b. Brunt-Väisälä frequency: 𝑁2 = 𝑔𝜃 𝜕𝜃𝜕𝑧 

c. Reduced pressure: 𝑃′ = 𝑝′𝜌  
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The equation system reduces to the following: 

 𝑢 𝜕𝑢′𝜕𝑥 + 𝑤′ 𝜕𝑢𝜕𝑧 + 𝜕𝑃′𝜕𝑥 = 0 (3a) 

 𝑢 𝜕𝑤′𝜕𝑥 + 𝜕𝑃′𝜕𝑧 = 𝑏 (3b) 

 𝑢 𝜕𝑏𝜕𝑥 + 𝑤′𝑁2 = 0 (3c) 

 𝜕𝑢′𝜕𝑥 + 𝜕𝑤′𝜕𝑧 = 0 (3d) 

The equations are the horizontal (3a) and vertical (3b) equation of motion, the thermody-

namic equation expressed with buoyancy (3c) and the continuity equation (3d). 

2.4.2. Wave equation 

Equation system (3) describes has wave solutions which includes mountain waves. Inde-

pendent variables are the horizontal (𝑢′) and vertical (𝑤′) wind perturbations, the buoyancy (𝑏) and the reduced pressure (𝑃′). Assuming wave form solution for all variables would 

lead to a general dispersion relation of this equation system. However, we are interested in 

the vertical velocity in the stationary mountain waves, thus, we will eliminate the other var-

iables. 

Equation (3a) can be derived with respect to 𝑧 and equation (3b) with respect to 𝑥, and 

subtracting them will eliminate 𝑃′. The buoyancy gradient from equation (3c) can be substi-

tuted and then terms of 𝑢′ can be exchanged with terms of 𝑤′ using (3d). The only variable 

remaining will be 𝑤′, leading to a linear partial second-order homogeneous differential equa-

tion, with a functional coefficient ℓ2(𝑧), the Scorer-parameter. 

 [ 𝜕2𝜕𝑥2 + 𝜕2𝜕𝑧2 − (𝑁2𝑢2 − 1𝑢 𝜕2𝑢𝜕𝑧2)] 𝑤′ = 0 (4a) 

 ℓ2(𝑧) = 𝑁2𝑢2 − 1𝑢 𝜕2𝑢𝜕𝑧2 (4b) 

The Scorer-parameter is related to the Brunt-Väisälä frequency (the static stability) and 

the average horizontal wind profile. Its first term is the stability term and it often dominates, 

but the second term (shear curvature) of the velocity profile can be of similar magnitude, 

especially when the wind shear changes sharply with height, often near the surface and in 

the vicinity of a jet streak. 

2.4.3. Dispersion relation 

We assume that the vertical velocity perturbation has a wave solution with 𝑊 amplitude 

and (𝑘𝑥, 𝑘𝑧) horizontal and vertical wavenumbers. 
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𝑤′(𝑥, 𝑧) = 𝑊𝑒𝑖(𝑘𝑥𝑥+𝑘𝑧𝑧) (5) 

Substituting this into equation (4a) gives the dispersion relation: ℓ2 = 𝑘𝑥2 + 𝑘𝑧2 (6) 

This is a Pythagore-equation, so the square-root of the Scorer-parameter can be inter-

preted as the length of the total wavenumber vector of the inner gravity wave. 

To establish a correct upper boundary condition, we will need the group velocity which 

cannot be derived from a stationary dispersion relation. Thus, calculations are needed to be 

repeated without assuming stationarity of the flow. When Reynolds decomposition is carried 

out, time derivatives of the averages can be neglected. After applying Boussinesq approxi-

mation, the time derivative of the velocity perturbations and buoyancy appears in the equa-

tions: 𝜕𝑢′𝜕𝑡 + 𝑢 𝜕𝑢′𝜕𝑥 + 𝑤′ 𝜕𝑢𝜕𝑧 + 𝜕𝑃′𝜕𝑥 = 0 (7a) 𝜕𝑤′𝜕𝑡 + 𝑢 𝜕𝑤′𝜕𝑥 + 𝜕𝑃′𝜕𝑧 = 𝑏 (7b) 𝜕𝑏𝜕𝑡 + 𝑢 𝜕𝑏𝜕𝑥 + 𝑤′𝑁2 = 0 (7c) 𝜕𝑢′𝜕𝑥 + 𝜕𝑤′𝜕𝑧 = 0 (7d) 

We will, again, eliminate variables and leave only 𝑤′, however, the steps are now more

complicated. The differential operator is far more complex and, to be precise, applying sta-

tionarity to this equation leads to the second horizontal derivative of the original stationary 

Scorer-equation (4a). Two forms of this equation can be derived. [(1𝑢 𝜕𝜕𝑡 + 𝜕𝜕𝑥)2 ( 𝜕2𝜕𝑥2 + 𝜕2𝜕𝑧2) + ℓ2 (1𝑢 𝜕𝜕𝑡 + 𝜕𝜕𝑥) 𝜕𝜕𝑥 − 𝑁2𝑢3 𝜕2𝜕𝑡𝜕𝑥] 𝑤′ = 0 (8a) [(1𝑢 𝜕𝜕𝑡 + 𝜕𝜕𝑥)2 ( 𝜕2𝜕𝑥2 + 𝜕2𝜕𝑧2) + 𝑁2𝑢2 𝜕2𝜕𝑥2 − 1𝑢 𝜕2𝑢𝜕𝑧2 (1𝑢 𝜕𝜕𝑡 + 𝜕𝜕𝑥) 𝜕𝜕𝑥] 𝑤′ = 0 (8b) 

Equation (8a) contains the Scorer-parameter directly. Equation (8b), in turn, is convenient 

as the wind shear curvature is often small enough to make the last term in (8b) negligible. 

Substituting a wave solution with 𝜔 frequency will lead to the following dispersion relation: 𝜔 = 𝑢𝑘𝑥 ± 𝑁𝑘𝑥√𝑘𝑥2+𝑘𝑧2 (9) 

2.4.4. Group and phase velocities 

Group velocity in wave mechanics is the velocity of a wave group or “packet”, that 

carries the energy of the wave as it propagates. Its components can be defined by deriving 

the frequency with respect to the appropriate wavenumber components: 
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 𝑐𝑔𝑥 = 𝑢 ± 𝑁𝑘𝑧2(𝑘𝑥2+𝑘𝑧2)32 (10a) 

 𝑐𝑔𝑧 = ∓ 𝑁𝑘𝑥𝑘𝑧(𝑘𝑥2+𝑘𝑧2)32 (10b) 

Phase velocity is the velocity at which the phase lines propagate. Dividing the frequency 

with the wavenumber components will give the components of the phase velocity. 

 𝑐𝑓𝑥 = 𝑢 ± 𝑁√𝑘𝑥2+𝑘𝑧2 (11a) 

 𝑐𝑓𝑧 = 𝑢 𝑘𝑥𝑘𝑧 ± 𝑁𝑘𝑥𝑘𝑧√𝑘𝑥2+𝑘𝑧2 (11b) 

For the inner gravity waves, the phase and group velocities are perpendicular to each 

other, meaning that their inner product is zero. This is true for the lower signs. 

2.4.5. Wavelength 

The wavelength 𝐿𝑖 = 2𝜋𝑘𝑖  is the distance between two points with the same phase. Usually, 

short length waves occur in very stable atmospheric conditions with low wind speeds while 

high wind speeds and a less stable atmosphere generate longer wavelengths. This is, how-

ever, not necessary and in general, internal gravity waves with practically every wavelength 

are present in the atmosphere and their propagation is determined by the profile of the 

Scorer-parameter. Their amplitudes, as a function of wavelength, constitute the spectrum of 

these waves. For example, the shape of an orographic barrier determines the spectrum of the 

initiated internal gravity waves. 

2.4.6. Boundary conditions 

There are two boundary conditions, one at the ground and one at the top of the atmos-

phere. The ground surface boundary condition is that the overall wind velocity vector at the 

ground has to be tangential of the terrain, i.e. the stream should follow the terrain (this is 

called a free-slip condition). If the height of the ground is described with the function ℎ(𝑥), 

this will lead to the following equation. 

 𝑤′(𝑥, ℎ(𝑥)) = 𝑢(ℎ(𝑥)) 𝑑ℎ(𝑥)𝑑𝑥  (12) 

When the mountains are small compared to the depth of the atmosphere, ℎ(𝑥) ≈ 0 is true. 
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The upper boundary condition is either that the wave amplitude must vanish at infinite 

height or, if this is not the case (which is for positive  𝑁2), that energy should not arrive into

the atmosphere from Space, i.e. the vertical group velocity component has to be positive. 

Choosing 𝑘𝑥 positive, and with the lower sign, this states that 𝑘𝑧 should also be positive, 

which results in waves tilted “backwards”, against the average wind with height. 

2.5. General solutions in special cases 

2.5.1. One-layer atmosphere, periodic terrain 

In this case, the atmosphere is characterized by a constant horizontal velocity 𝑢 and BV-

frequency 𝑁2, and thus constant Scorer-parameter ℓ2, with respect to height. The terrain is

described by a series of sinusoid hills with 𝐻 height, 𝐿 hill distance and 𝐾 = 2𝜋𝐿  “hill num-

ber”: ℎ(𝑥) = 𝐻 sin 𝐾𝑥 (13) 

Fig. 8. Vertically periodic monochromatic waves. 𝐿 = 5 𝑘𝑚, 𝐻 = 1 𝑘𝑚, 𝑢 = 10 𝑚 𝑠−1,𝑇(𝑧 = 0) = 300 𝐾, 𝑝(𝑧 = 0) = 1000 ℎ𝑃𝑎, 𝛾 = 0, 𝐾 = 1.2567 𝑘𝑚−1, 𝑁 = 0.017866 𝑠−1,ℓ = 1.7866 𝑘𝑚−1, 𝑊 = 12.566 𝑚 𝑠−1, wave tilting angle 𝛼 = 45.3°, terrain slope 𝛽 = 51.5°
(𝛼 = 𝛽 ⇒ 𝛾 = 2.69 𝐾 𝑘𝑚−1 and 𝛼 = 0 ⇒ 𝛾 = −4.932 𝐾 𝑘𝑚−1).
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The effect of this terrain is a monochromatic wave solution. A solution, which is the real 

part of equation (5), fulfilling the lower boundary conditions has the properties 𝑘𝑥 = 𝐾 and 𝑊 = 𝑢𝐻𝐾, the dispersion relation becomes 𝑘𝑧2 = ℓ2 − 𝐾2 and ℓ = 𝑁𝑢, and the solution is 

 𝑤′(𝑥, 𝑧) = 𝑢𝐻𝐾 cos(𝐾𝑥 + √ℓ2 − 𝐾2𝑧) (14) 

As K is given, the term under the square root (the vertical wavenumber) can be either 

positive or negative depending on the Scorer-parameter. The positive solution will be peri-

odic in vertical (Fig. 8) while the negative will be evanescent (Fig. 9). If the waves are eva-

nescent in vertical, the upper boundary condition will be automatically fulfilled. If the waves 

are periodic in vertical, the vertical component of the group velocity should be positive, this 

will result in waves tilted “backwards” against the average wind with height. 

The angle to the vertical of the phase lines can be calculated from the wavelengths leading 

to the following: 

 tg𝛼 = 𝐿𝐿𝑧 = √(𝐿ℓ2𝜋)2 − 1 (15) 

Fig. 9. Vertically evanescent monochromatic waves. 𝐿 = 5 𝑘𝑚, 𝐻 = 1 𝑘𝑚, 𝑢 = 10 𝑚 𝑠−1, 𝑇(𝑧 = 0) = 300 𝐾, 𝑝(𝑧 = 0) = 1000 ℎ𝑃𝑎, the temperature gradient is 𝛾 = −5 𝐾 𝑘𝑚−1, 𝐾 = 1.2567 𝑘𝑚−1, 𝑁 = 0.012478 𝑠−1, ℓ = 1.2478 𝑘𝑚−1, 𝑊 = 12.566 𝑚 𝑠−1 
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This tilting angle cannot exceed the maximal angle of the slope, otherwise the streamlines 

would intersect (Fig. 10). This leads to an upper limit for the stability for a given average 

wind: tg𝛼 < tg𝛽 ⇒ 𝑁2 < (2𝜋 𝑢𝐿)2 (1 + (2𝜋 𝐻𝐿)2) (16) 

The condition which separates the periodic and evanescent waves is that the vertical 

wavenumber is exactly zero. This leads to ℓ = 𝐾 and then 𝑁𝐿𝑢 = 2𝜋. The stability of the air,

thus, has to be inside a range to have vertically periodic waves. Low stability will cause the 

waves to be evanescent in vertical, while high stability will cause them to tilt too much re-

sulting in streamlines crossing each other. 

2.5.2. One-layer atmosphere, isolated mountain 

The terrain, in this case, can be described with any Fourier-transformable function. In this 

case, waves with practically all horizontal wavelengths are generated and the superposition 

principle holds. A range of these waves will be vertically periodic while others will be eva-

nescent. 

Fig. 10. Illustration of what happens if the wave tilting is too high. Streamlines (green) would in-

tersect each other and even penetrate into the ground. 
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Applying Fourier-transformation to the problem by 𝑥 will lead to the following solution 

(Fig. 11). Note that this is often referred to as the general solution in which vertical depend-

ence is noted in 𝑢(𝑧) and ℓ2(𝑧) but that is only approximately true if they change only slowly 

with height. Here, asterisk denotes convolution and ℱ𝑘𝑥−1 is the inverse Fourier transfor-

mation with respect to the horizontal wavenumber. 

 𝑤′(𝑥, 𝑧) = 𝑢 𝑑ℎ𝑑𝑥 ∗ ℱ𝑘𝑥−1 {𝑒𝑖√ℓ2−𝑘𝑥2𝑧} (17) 

2.5.3. Two-layer atmosphere, periodic terrain 

In this case, we consider that the atmosphere has two layers of different Scorer-parameters 

being constant in each layer. The layer boundary is at height 𝑍. Wave reflection and trans-

mission occurs on this layer boundary. The existence of such a boundary is often responsible 

for wave trapping, the appearance of rotors, and can induce severe turbulence in lower layers 

(mainly CAT). 

Lower layer variables will be denoted with index 𝐿, and upper layer variables with index 𝑈. We assume a free-slip boundary condition between the two layers which gives: 

 𝑤𝐿′ (𝑥,𝑍)𝑢𝐿(𝑍) = 𝑤𝑈′ (𝑥,𝑍)𝑢𝑈(𝑍)  (18) 

Fig. 11. Mountain waves over an isolated mountain. Here, ℎ(𝑥) = 𝐻𝐿2𝑥2+𝐿2 is the shape of the moun-

tain, where 𝐻 = 1 𝑘𝑚 its height, 𝐿 = 2.5 𝑘𝑚 is its half-height width, 𝛾 = 0 and 𝑢 = 10 𝑚 𝑠−1. 
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The monochromatic wave reflected from the layer boundary with a reflection coefficient 𝑟 has negative vertical group velocity component. The ground surface is assumed to reflect 

waves without loss of amplitude. Thus, a wave will become the superposition of a downward 

and an upward propagating mode with amplitude 𝑊𝑛 = 𝑊0𝑟𝑛 after 𝑛 reflections. The wave

field of the lower layer is calculated as the superposition of all waves after infinite reflec-

tions, the amplitude will be modified with the reflection coefficient: 𝑊 = 𝑢𝐻𝐾 ( 2𝑟1−𝑟 + 1) (19)

Wave trapping (resonance) happens if the reflection coefficient for a wave mode is one. 

The favorable condition for trapping is when the wave is vertically periodic in the lower 

layer and evanescent in the upper layer. Utilizing the free-slip condition between the layers, 

this leads to a condition on the difference between the Scorer-parameters as follows: ℓ𝐿2 − ℓ𝑈2 > ( 𝜋2𝑍)2
(20) 

Note that resonance (i.e. 𝑟 = 1) will lead to infinite amplitude. This will break many of 

the assumptions, most notably that perturbations are small. Neglected secondary phenomena 

(e.g. molecular viscosity, turbulent viscosity, in case of cloud formation the latent heat, etc.) 

will come to effect and carry away energy from the waves, so the wave amplitude won’t be 

infinity in reality. These phenomena are highly nonlinear and thus cannot be quantified 

within this theory. 

2.5.4. Two-layer atmosphere, isolated mountain 

For an isolated mountain, the amplitudes in the Fourier-transformation of the mountain 

gives always the initial spectrum of the waves. The reflection coefficient is assumed to be 

dependent on the horizontal wavenumber. This leads to the following general solution in the 

lower layer: 𝑤𝐿′ (𝑥, 𝑧) = 𝑢𝐿 𝑑ℎ𝑑𝑥 ∗ ℱ𝑘𝑥−1 {( 2𝑟(𝑘𝑥)1−𝑟(𝑘𝑥) + 1) cos √ℓ𝐿2 − 𝑘𝑥2𝑧} (21) 

Trapped waves, for which 𝑟 = 1, have formally infinite amplitude. This means that any 

other wave modes can be neglected besides them. As the necessary condition for trapping is 

that the wave is vertically periodic in the lower layer and evanescent in the upper layer, and 

the horizontal wavenumber of that wave has to be between the Scorer-wavenumbers of the 

two layers, i.e. ℓ𝑈2 < 𝑘𝑥 < ℓ𝐿2. Besides, 𝑟 = 1 is assumed only for those waves for which the

layer depth is a multiple of their half vertical wavelength, i.e. 𝑍 = 𝑗 𝐿𝑍2  where 𝑗 is a positive

integer. 
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Horizontal wavenumber of those waves which fulfill these conditions can be calculated, 

and applying the necessary condition for trapping will lead to a condition for 𝑗: 2𝑍𝜋 √ℓ𝐿2 − ℓ𝑈2 > 𝑗 > 0 (22) 

From this, for a given layer depth and known Scorer-parameters, we can calculate the 

maximal 𝑗 and if 𝑗 ≥ 1, there will be a resonant wave mode. More precisely, ⌊𝑗⌋ indicates 

the number of trapped wave modes. This can be applied to a numerical model output: choos-

ing a grid point at a given time and obtaining the Scorer-parameter profile, we can approxi-

mate the profile with a two-layer model with different 𝑍 values and calculate 𝑗 for every 

possible 𝑍. Of course, this can be done for every grid point at any every to obtain a 3D time-

dependent field of 𝑗 values. 

The inverse Fourier transformation in the solution will fall back to a finite series leading 

to a horizontally periodic result (Fig. 12). This can be interpreted as the explanation of why 

trapped lee waves can cover a wide area far downstream from the mountain. 

Fig. 12. Trapped mountain waves initiated by an isolated mountain. Here, ℎ(𝑥) = 𝐻𝐿2𝑥2+𝐿2 is the 

shape of the mountain, where 𝐻 = 1 𝑘𝑚 its height, 𝐿 = 2.5 𝑘𝑚 is its half-height width, 𝑢𝐿 = 10 𝑚 𝑠−1, 𝑢𝑈 = 30 𝑚 𝑠−1, 𝑇(𝑧 = 0) = 300 𝐾, 𝛾𝐿 = 0, 𝛾𝑈 = −4.88 𝐾 𝑘𝑚−1, 𝑍 = 4 𝑘𝑚,ℓ𝐿2 = 3.2 𝑘𝑚−2, ℓ𝑈2 = 0.177 𝑘𝑚−2, 𝑅 = 1 is chosen for all waves. The trapped waves have wave-

lengths 𝐿𝑥1 = 3.92 𝑘𝑚 and 𝐿𝑥2 = 7.38 𝑘𝑚. Note that the whole figure shows the lower layer solu-

tion in spite of the lower layer ends at height 𝑍. 
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𝑤𝐿′ (𝑥, 𝑧) = 𝑢𝐿√2𝜋 ∫ 𝑑ℎ(𝑥′)𝑑𝑥′ ∑ 𝑅𝑗 cos 𝑗𝜋𝑧𝑍 ⋅ 𝑒𝑖√ℓ𝐿2−(𝑗𝜋𝑍 )2(𝑥−𝑥′)2𝑍𝜋 √ℓ𝐿2−ℓ𝑈2𝑗=1 𝑑𝑥′∞−∞ (23) 

As it was stated in subsection 2.5.3, secondary phenomena carry energy from the waves 

keeping their amplitude finite. The 𝑅𝑗 coefficient stands now in place of the expression of 

the reflection coefficient which is unknown but can be considered finite. Equation (23) can 

be applied to any measured sounding and if vertical wind speeds of trapped mountain waves 

can be measured – for example with an array of SODARs or LIDARs –, it might be possible 

to give estimates for 𝑅𝑗. 

2.5.5. Solution for upper layer 

In the case of a two-layer atmosphere over an isolated mountain, it might be interesting 

to solve the upper layer problem. As the layer boundary at height 𝑍 is a free boundary, the 

stream in the lower layer will affect the shape of the layer boundary.  

This layer boundary behaves as a “terrain” for the upper layer and the analytical solution 

can be derived in the upper layer assuming a one-layer atmosphere over the layer boundary. 

The boundary condition between the two layers can be applied to the lower layer solution at 

Fig. 13. Same as Fig. 12, but with the upper layer solution shown over 𝑍 = 4 𝑘𝑚. The sudden in-

crease of 𝑤′ visible at layer boundary is a consequence of the middle boundary condition and that

the horizontal velocity is higher in the upper layer. The different damping factors of the waves are 𝜅1 = 1.6937 𝑘𝑚−1 and 𝜅2 = 1.2787 𝑘𝑚−1.
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𝑍 to obtain a lower boundary condition for 𝑤𝑈′  in the upper layer. Then, the upper layer 

solution will become the superposition of evanescent waves with the horizontal wave-

numbers of the waves which are trapped in the lower layer. (The cosine in (22) becomes 

either 0 or ±1 which is included now in 𝑅𝑗). 

𝑤𝑈′ (𝑥, 𝑧) = 𝑢𝑈√2𝜋 ∫ 𝑑ℎ(𝑥′)𝑑𝑥′ ∑ 𝑅𝑗𝑒−√ℓ𝐿2−ℓ𝑈2 −(𝑗𝜋2𝑍)2(𝑧−𝑍)𝑒𝑖√ℓ𝐿2−(𝑗𝜋2𝑍)2(𝑥−𝑥′)2𝑍𝜋 √ℓ𝐿2−ℓ𝑈2𝑗=1 𝑑𝑥′∞−∞ (24) 

These evanescent waves have a vertical damping factor of 𝜅 = √ℓ𝐿2 − ℓ𝑈2 − (𝑗𝜋2𝑍)2
 which 

determines how fast the vertical velocity amplitude decreases with height. If there are more 

trapped modes in the lower layer (i.e. 𝑗 ≥ 2), this damping factor is different for the individ-

ual waves. This causes that the horizontal placement of the overall maximal updrafts and 

downdrafts are not vertical (Fig. 13). The highest vertical velocity is near to the crest of the 

strongest wave in lower heights, while they shift to the slowest dampened wave with in-

creasing height. 

2.6. History of mountain wave and turbulence forecasting 

Since the middle of the 1800s, meteorologists have been searching for solutions to deter-

mine the evolution of the atmospheric processes and establishing theories to describe the 

basic phenomena (Scorer, 1949; Long, 1953; Doyle and Durran, 2002; Smith, 2003). The 

challenge was whether atmospheric processes can be described in the form of mathematical 

equations and it is possible to generate weather forecasts by solving these equations. The 

physical-mathematical equations describing the atmospheric processes have been first syn-

thesized by Richardson (1922). The solution of these equations, however, has been obtained 

only 28 years later with the appearance of the first computers. The first numerical forecasts 

in 1950 were made by The Electronic Numerical Integrator and Computer (ENIAC) 

(Goldstine and Goldstine, 1946; Charney et al., 1950; Charney, 1951). Since then, more and 

more efficient computers have been used to solve more complicated versions of the govern-

ing equations (Lynch, 2006; Lynch, 2008). Internal gravity waves were first investigated by 

Lord Rayleigh and Lord Kelvin in 1883 and 1886. 

The first observations of the occurrence of the standing wave at the orographic obstacles’ 

lee-side came probably from observations of a balloon launched in 1928 to the lee of the 

Rossitten Dunes (today Rybachiy, Curonian Spit, Kaliningrad region, Russia). The observa-

tion campaign was organized by the German Glider Flight Institute after Koschmieder 

(1925) foresaw the existence of waves in the atmosphere after the results of Rayleigh and 
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Kelvin (Bannon, 1952; Alaka, 1960; Maruhashi, 2019). The first successful observations in 

1933 brought also the discovery of rotors (Hirth, 1935). Their correct interpretation by 

Küttner (1938), led to the first comprehensive theoretical studies by Lyra (1943) and Queney 

(1946) at constant wind and stability, and Scorer (1949) and Long (1953) at variable wind 

and stability. Later, further observational data have been collected and supplemented by 

some important theoretical researches and experiments with numerical models (Alaka, 

1958), whilst Küttner and Jenkins (1953) gave also a comprehensive explanation on the 

many aircraft accidents at the mountainous area which characterized those years. 

In the following decades, numerical modeling became more popular in this field. While 

mountain waves have several accompanying phenomena, these are mainly caused by the 

nonlinear nature of the atmospheric processes and theoretical investigations cannot give sat-

isfactory explanation of them. 

Mountain wave studies received high attention in the past 30 years and numerous studies 

have been focusing on mountain waves and its parameterization as a consequence of a grow-

ing awareness of their omnipresence, their role in the atmospheric dynamics, and their ap-

plied technological advances (Nappo, 2012). 

Mountain waves are often explored in connection with orographic precipitations (Barstad 

et al., 2007) and, within the planetary boundary layer, in connection with variations of the 

terrain structure, flow separation, rotor formation and downslope windstorms (Durran, 

1990; Doyle and Durran, 2002; Sun et al., 2011; Grubišic et al., 2015; Strauss et al., 2015). 

The ability of MTW to generate aircraft turbulence in the mid- and upper troposphere was 

also studied (Lilly, 1968; Staquet and Sommeria, 2002; Sharman et al., 2006). Orographic 

gravity waves penetrating the stratosphere has been also studied (Shutts, 1992; Smith et al., 

2008) and even on the general circulation as major wave breaking area are found to be ef-

fective sinks of momentum (McFarlane, 1987; Bacmeister et al., 1994). Mountain wave 

activity occurs in the mesosphere and even lower thermosphere, where it causes horizontal 

wind variations and atmospheric dynamic changes and chemical composition (mixing and 

redistributing of chemicals such as ozone and oxygen) (Garcia and Solomon, 1985; Miyoshi 

and Fujiwara, 2008; Smith and Skyllingstad, 2009). 

The World Area Forecast Centers (WAFC) has an algorithm to forecast MTW turbulence 

based on parameterizing wave stress when it exceeds a threshold (Turner, 1999). This is not 

correct, as it is the stress divergence rather than the stress itself associated with the wave 

dissipation. Comparing this with other methods involving mountain wave, wind shear, and 
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convective turbulence revealed that the methods on themselves are very limited and it is 

better to use some combinations of them (Gill and Stirling, 2013). 

Most recent of these investigations was the Terrain-Induced Rotor Experiment (T-REX) 

(Grubišic and Küttner, 2006), organized in 2006 in the southern Sierra Nevada and Owens 

Valley, California. T-REX resulted in a better understanding of the interaction between 

MTW, the atmospheric boundary layer, and the rotors. These experiments were seeking for 

new observational insights into the small-scale turbulent structure of MTW and improve-

ments in their high-resolution numerical modeling and forecasting. A detailed description of 

flow structures resulted from the ground-based measurements leading to further comprehen-

sive studies of elevated turbulent zones in the lee of complex terrain, characterization of 

turbulence, and the tight coupling between the terrain-induced waves and boundary layer 

dynamics (Grubišic et al., 2008). A vast set of meteorological instruments was deployed in 

the field, including ground-based scanning LIDARs, research aircraft equipped with modern 

instrumentation, and radars that can support mountain wave research. Significant progress 

has been achieved in the understanding of this field and conceptual models of the coupled 

mountain-wave and low-level turbulence flow in the lee of an isolated mountain range were 

established. However, they largely lack detailed information on the temporal evolution of 

waves and they do not account for the possible influence of the downstream atmospheric 

environment. 

Mountain weather forecasting has improved significantly over the past decades. How-

ever, it remains challenging in operational forecasting due to the complexity of physical 

processes, the difficulties of analytically describing the associated phenomena with the 

MTW, and the spatial and temporal scales needed to be represented in operational NWP 

models (Gill and Stirling, 2013). Operationally used, general-purpose NWP models cannot 

be run at the ultrafine-scale space-time resolutions necessary to explicitly resolve both the 

full spectrum of gravity waves and the even smaller turbulent layers that form within break-

ing waves (Kim et al., 2003). 

2.7. The AROME model 

In 1991, a European cooperation was created in the field of NWP, the so-called ALADIN 

(Aire Limitée Adaptation dynamic Développement InterNational) project. NWP models de-

veloped under this project were actively operational from 1996 in many European and Afri-

can countries. 



34 

The AROME model has been operational since 2008 and gradually replaces ALADIN 

since 2012. Indeed, the physical parametrizations of the model are mainly inherited from the 

non-hydrostatic mesoscale atmospheric model (Meso-NH) research model (Lafore et al., 

1998) while the dynamic part is an adaptation for the fine-scale of the dynamic core of 

ALADIN. 

The forecast methodology is primarily based on hydrodynamics (or atmospheric dynam-

ics), thermodynamics, radiation theory, and cloud-physics (approximate numerical solution 

of the Navier-Stokes equation is computed considering thermodynamic processes and phase 

changes of water in the atmosphere). 

NWP models are essentially the only available tools that provide mountain wave fore-

casting guidance. At the HMS, medium-range general weather forecasts are mainly based 

on AROME. ALADIN, GFS (NCEP, USA), and ICON (DWD) are also in operational use. 

Short-range forecasts with the finer spatial resolution are based on locally executed and de-

veloped regional models at HMS (ALADIN, AROME, and WRF) (Horányi et al., 2006). 

The assimilation of high-resolution local observations (there are already different assimila-

tion techniques) is essential to optimize the performance of turbulence parametrizations 

(Montmerle et al., 2018). 

AROME is a regional NWP models, that provides the expected values of meteorological 

parameters in the future on a 3D grid (Arakawa, 2004). The application enables us to em-

phasize the short-range prediction of mesoscale meteorological processes. 

Some characteristics of the AROME model: 

• AROME is a spectral model using a semi-implicit, semi-Lagrange time discreti-
zation scheme.

• The AROME model is run with non-hydrostatic dynamics. at its resolution

(2.5 km), it can resolve long gravity waves with a wavelength greater than ap-

proximately 10 km.

• Physical parametrizations: processes with a characteristic size below the grid res-

olution or highly complexity processes are considered through parametrizations.

The AROME physical parametrizations were adapted from a high-resolution

mesoscale non-hydrostatic French research model (Meso-NH) which enables to

resolve deep convection explicitly (still parametrizing shallow convection).

• Data assimilation and initialization (determining initial conditions): initial condi-

tions for model forecasts are provided by a statistically optimal blend of meteor-
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ological observations and earlier model forecasts (optimal interpolation, varia-

tional assimilation). The AROME model uses interpolated ALADIN initial con-

ditions. A local data assimilation system for the AROME model is under devel-

opment, which will consider observations in higher resolution, however, and com-

pared to the ALADIN model. AROME may resolve gravity waves more precisely 

(Table 2). 

Table 2. Main characteristics of the AROME model. 

Main characteristics of the AROME model 

Geographical domain Carpathian basin 

Horizontal resolution 0.025° ≈ 2.5 𝑘𝑚 

Number of vertical 
layers 

Operational model: 60 
Case studies: 73 

Dynamics and pa-
rameterizations 

Non-hydrostatic model, deep convection explicitly re-
solved, shallow convection parameterized 

Initial conditions Local data assimilation: 3d-var and interpolation of sur-
face fields from ALADIN 

Lateral boundary 
condition 

ECMWF model 

Model time step 60 s 

Coupling update 3 h 

Number of grid 
points 

401x185 

Forecast range 48 h 

Runs per day 8 
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3. Methods 

3.1. Mountain wave forecasting 

In the past, an MTW forecast product was daily issued by the Unit of Aviation Meteorol-

ogy at the HMS. It was written by the forecaster in duty in early morning. It contained a 

36-hour forecast, and a 5-days outlook (Fig. 14). Relevant data were presented in tabular 

form for 4 cities (Budapest, Pécs, Szombathely and Miskolc) for 09 UTC, 15 UTC, and next 

day 09 UTC. This product was published until 11th March 2010. 

After 6.5 years of hiatus, http://aviation.met.hu, the new website of the Unit started on 7th 

November 2016. Among others, model forecast outputs are published for several branches 

of sport aviation on this site. For mountain wave gliding, a wind time-height section is pub-

lished for 4 airfields (Dunakeszi – Fig. 15, Kőszeg, Pécs-Pogány and Gyöngyös-Pipshegy). 

According to experiences of glider pilots, as a rule of thumb, conditions considered fa-

vorable for wave generation are steady wind conditions with minimal directional shear and 

increasing speed with height. 

Fig. 14. Past mountain wave forecast product, published until 11th March 2010. 
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3.2. Numerical simulations, case study 

The AROME model was used to generate model forecast data for the case studies. The 

vertical resolution of the operational model is 50 hPa over 500 hPa. For the case studies, the 

vertical resolution was set to 10 hPa between 500 hPa and 300 hPa. Dávid Lancz formulated, 

and László Kullmann implemented, a discrete version of equation (4b) in the AROME post-

processing module, using a central finite difference scheme to calculate derivatives of the 

model variables. 

With these settings, a 36-hour model forecast was initialized with data at 00 UTC 22nd 

February, 2019. Model forecast products were generated using the HAWK-3 visualization 

system. These products are the same as presented in Salavec (2018) and qualitative analysis 

of the situation will be provided, focusing on MTW formation. 

3.3. Sensitivity analysis 

Several other case studies are planned. In the autumn of 2018, a model cycle update was 

made on AROME. Cases older than the model update cannot be simulated with the current 

Fig. 15. Wind time-height section published on the aviation.met.hu website. 
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surface datasets (the current model cannot read the older surface file formats), but newer 

cases can be simulated with both surface data (the currently operational one and the older 

one interpolated to the current grid). As the operational model is planned to use for regular 

production of the products, this raises the question whether or not the cases before and after 

the model cycle update are comparable. For this to analyze, two model runs were performed 

with the two surface datasets for a given case. 

Effect of surface variable differences on the atmospheric variables are analyzed. 

Gridpoint-wise comparison of the datasets is carried out by linear regression and relative 

difference statistics. Statistical analysis was carried out separately for every time step and 

every vertical model level for Brunt-Väisälä frequency, wind shear curvature 𝜕2𝑢𝜕𝑧2, vertical 

gradient of virtual temperature, geopotential, model vertical velocity 𝑤, relative humidity, 

Scorer-parameter ℓ2, temperature, potential temperature, equipotential temperature, turbu-

lence kinetic energy and magnitude of horizontal wind √𝑢2 + 𝑣2 where 𝑢 and 𝑣 are the 

model horizontal wind components. 

A linear function 𝑦 = 𝑚𝑥 + 𝑏 was fit against the data points where 𝑥 contains values 

from the model run using the current terrain dataset and 𝑦 contains those using the interpo-

lated older terrain dataset. Here, 𝑚 is the slope and 𝑏 is the intercept of the line estimated by 

fitting using Marquardt-Levenberg nonlinear least squares algorithm (Levenberg, 1944; 

Marquardt, 1963). In an ideal case, 𝑚 = 1 and 𝑏 = 0 is expected (with zero asymptotic 

errors) which would mean there are no difference between the two model datasets, i.e. they 

are identical. Values of 𝑚 ≈ 1 and 𝑏 ≈ 0 with non-zero errors, which are so large that 𝑚 = 1 and 𝑏 = 0 fall within the error ranges, mean the differences between the two model 

datasets are random. In this case, the magnitude (or significance) of this random error can 

be estimated from pointwise difference statistics of the model data. 

If 𝑚 ≈ 1 and 𝑏 ≈ 0 but 𝑚 = 1 and 𝑏 = 0 fall outside the error ranges, that means the 

difference is statistically significant, no matter how little it is by absolute magnitude. In this 

case, we might formulate absolute difference thresholds as acceptable differences and treat 

the two model datasets similar if the pointwise differences are less than these thresholds, and 

then derive similar conclusions while studying the appearance of atmospheric phenomena in 

the model. In this case, the structure of the 𝑚(𝑡, 𝑧) and 𝑏(𝑡, 𝑧) data can be examined and 

correct interpretation of their features might help understanding how the model’s operational 

features (e.g. model spin-up, surface-atmosphere interactions, chaotic error propagation etc.) 

interact with the differences in the two terrain datasets. 



39 

3.4. Automatic wave trapping identification 

Provided that Scorer-parameter vertical profiles can be extracted at any time and grid 

point, it is possible to implement a wave trapping identification algorithm. The general 

method is to choose a custom height, approximate the Scorer-profile with an appropriate 

two-layer idealized profile and calculate the number 𝑗 of possible trapped wave modes using 

equation (22). Gnuplot v5.2 was used for generating vertical profile plots of model Scorer-

parameter, the approximating Scorer-parameter values and the 𝑗 number. 

For this, we interpolate the model Scorer-parameter data to a 10 m vertical resolution 

from the surface or the lowest model level to the tropopause (which is considered being at 

the height where temperature has a minimum). Choosing every height as the layer boundary 𝑍, in order to split the atmosphere into two layers, we can choose appropriate constant 

Scorer-parameter values to approximate the lower and the higher layer values. 

This approximation can be done in several ways. Averaging Scorer-parameter values in 

both layers can give unrealistic results because of high distortion caused by the high near-

surface Scorer-parameter values, especially in the night. Thus, we decided to choose the 

lower quartile of the Scorer-parameter values in the lower layer, and the upper quartile in 

the upper layer. They converge close to each other in the higher troposphere if the layer of 

high Scorer-values is thin enough, avoiding unrealistically high 𝑗 values caused by the higher 

difference between the two Scorer-parameter values. 

A linear interpolation is carried out in the script by the following function: 
interp(x0,y0,x1,y1,x)=y0+(y1-y0)/(x1-x0)*(x-x0) 

Here, (x0,y0) and (x1,y1) are two known points and the function returns with 𝑦 at 𝑥. 

When interpolating Scorer-parameter, x0 and x1 will get the height, and y0 and y1 the 

Scorer-parameter from the two model levels surrounding the level at height 𝑥 to be interpo-

lated. 

Heights are measured in meters above ground level. Surface geopotential (a constant 

field) is provided in the model data and geopotential values are calculated for the pressure 

levels so we calculated model level heights as their difference divided by gravity. 

Temperature has a minimum at a certain height which is considered the tropopause (in a 

few cases, this minimum is at the topmost model level, i.e. at 100 hPa). We set that height 

as our maximum height maxH, while minH will be either zero or the height of the lowest 

model level (which is at 1000 hPa) if it is over the ground. Height range is then restricted to 

[minH:maxH] and the model levels outside this range will be omitted from calculations. 
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The input data for the linear interpolation is obtained abusing the syntax of the plot 

command whose using specifier contains the necessary variable assignments (and the plot 

output itself, which contain plots of 0 against 0, is redirected to the Unix null device 

/dev/null which gobbles all output). The every clause of the command selects the two 

levels (the (j-1)th and the jth) surrounding the actual z height which loops in the range 

[minH:maxH] by steps of 10 m. Interpolated values, then, are written to the datablock 

$linear. 
set print $linear 

set table '/dev/null' 

do for [z=minH:maxH:10] { 

  if(z>c){j++} 

  plot fs using (a=($10-$11)/g,0):(b=$1,0) every ::j-1::j-1 with table 

  plot fs using (c=($10-$11)/g,0):(d=$1,0) every ::j::j with table 

  print z,interp(a,b,c,d,z) } 

unset table 

This method is rather slow, interpolation using external tools (even within the gnuplot 

script using the system() call) is advisable instead. 

Now we can approximate a 2-layer atmosphere. Z goes in the range [minH:maxH] 

through the previously set z values (i.e. with 10 m steps now, however, this might be further 

rarified if runtime issues arise) and serves as the height of the layer boundary. Extreme 

heights are omitted, however, to ensure a layer has at least three values. Data necessary for 

plotting will be stored in the datablock $trap. The approximating Scorer-parameter values 

are read from the output of two stats commands which calculates (among others) the 

quartile values. Gnuplot orders the Scorer-parameter values in both layers which is a very 

slow operation. Plotting one profile needs ca. 2.5 seconds on a 1.7 MHz 4-threaded processor 

PC, so applying this to the whole model data (401x185x37 profiles) would take approxi-

mately 80 days. Thus, the method for obtaining upper- and lower-layer Scorer-parameters is 

under consideration: a value not requiring data ordering would be advisable, and assuming 

a skew-normal distribution for the Scorer-parameters seems reasonable (Grushka, 1972; 

Azzalini and Capitanio, 2013). 
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set print $trap 

do for [Z=ceil(minH)+20:floor(maxH)-20:10] { 

  stats [][ceil(minH):Z] $linear using 2:1 nooutput 

  lL=STATS_lo_quartile_x 

  stats [][Z:floor(maxH)] $linear using 2:1 nooutput 

  lU=STATS_hi_quartile_x 

} 
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4. Results

4.1. Original plans and earlier progress

On 13th October, 2017, the weather in the Carpathian Basin, especially in the 

northern and eastern parts, was favorable for MTW formations. Fig. 16 shows cloud pattern

indicating mountain wave formation over North-East Hungary. We can identify vertically 

propagating waves over the little Carpathians as only one row of wave cloud is visible 

there (Fig. 17) and trapped waves over North-East Hungary as multiple wave crests are

visible there. 

Cool air mass flowed from the northwest with strong northwestern currents. There was 

also an inversion around 850 hPa, which helped the formation of the waves. In the northeast, 

more moisture arrived in the middle air layers in the morning. At approximately 4 to 4.5 km 

height, it was enough to form stationary wave clouds, which was seen in the satellite image, 

and they were detectable for several hours. 

Fig. 16. MSG-RSS HRV composite image at 11:00 UTC on 13th October, 2017 
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Detailed analysis of this situation was carried out by Salavec (2018) using AROME 

model outputs visualized by the HAWK-3 system. This case and the article served as a basis 

for further planning in that period. 

4.2. Case study: 22-23 February 2019 

In this subsection, we reproduce the qualitative analysis for the 22nd to 23rd February, 

2019 situation based on Salavec (2018). Vertical profiles of equipotential and potential tem-

perature, horizontal and vertical wind, relative humidity, turbulence kinetic energy (TKE), 

and Scorer wavenumber are produced using the HAWK-3 visualization system. 

On 22nd February, 2019, a cold front was passing over Hungary and mountain wave for-

mation was observed on satellite imagery (Fig. 18) on the backside edge of the frontal cloud 

field. In early morning of 23rd, operative AROME forecast runs were checked whether they 

predicted the evolution of the mountain waves. This case study reproduces the products 

found in Salavec (2018) at the northern part of the C-D section in Fig. 35. Because of the 

limited extent of the thesis, we have chosen to show only the spatial cross-sections at 14 UTC 

Fig. 17. Terra/MODIS visible image at 9:50 UTC on 13th October 2017. 
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on 22nd at which time the model outputs have some recognizable features about mountain 

wave formation. 

Fig. 18. Suomi NPP/VIIRS false-color image on 22nd February 2019. 

4.2.1. Vertical velocity 

Fig. 19 shows the vertical velocity with colors, where red colors indicate updrafts and 

blue colors indicate downdrafts, and the relative humidity with grey lines over 70%. Wave-

like motion is indicated by the model output which can be seen over both the Tatra ranges 

and the Mátra range. The former waves seem to have not perfectly vertical phase lines above 

7 km height. This might be the effect of high wind shear near the Polar front jet stream. 

Values of the relative humidity higher than about 95% may indicate possible cloud for-

mation but the threshold can be lower when vertical motions are strong enough. And accord-

ing to these values, we can have an expected view on the thickness of the clouds. 

It can be seen by the black patches that the vertical velocities in the model output are 

much higher at some places than where the scale ends, i.e. values higher than 2 m s-1 are 

present. This is a problem of the design of the product, adjustment (stretching) the color 

scale needs to be considered. This may cause, however, that weaker MTW formation will 

become more difficult to identify. 

A time-height section of this product might be rather useless as the wave motions cannot 

be visible on that. However, when mountain wave formation is identifiable on the cross-

section, the updraft or downdraft might be present on the time-height section and its disap-

pearance might indicate the dissipation of mountain waves. 
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4.2.2. Relative humidity 

While the previous product already contains relative humidity, its purpose is mainly to 

identify whether or not repeating patterns, whenever visible at high humidity values, are 

connected to the updrafts (and whether or not lenticular cloud formation is expected). In 

turn, Fig. 20 shows only the relative humidity in which the general state of the atmospheric 

moisture can be examined. This can be useful for detecting possible cloud formation in gen-

eral. 

Earlier, a cloud fraction (a 3D field expressed in octas, based on the hydrometeors) was 

also shown on this product with grey semi-transparent patches. The model doesn’t calculate 

this field by default and it was only an experimental parameter in the earlier case study. This 

parameter is planned to be implemented, however, the coarse vertical resolution of 50 hPa 

in the higher troposphere gives a high uncertainty to its correct interpretation. 

Fig. 19. Vertical velocity (red: updraft, blue: downdraft, m s-1) and relative humidity (above 70%, 
grey lines) at 14 UTC on 22nd February, 2019, from the AROME model initialized at 00 UTC on 

22nd February, 2019. 
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4.2.3. Horizontal wind profile 

Fig. 21 shows the horizontal wind with barbs. Colors represent the magnitude of its com-

ponent parallel to the cross-section. This means that, for example, a downward pointing wind 

barb must be interpreted as horizontal wind from North, and not vertical downdraft. Positive 

values of the parallel wind component appear in warm, reddish colors and they always mean 

wind from left to right on the section, which is from north to south in this case. We can 

observe that the wind direction is not changing significantly, and the speed is increasing, 

with height over Tatras, and this supports MTW formation according to pilots’ experience. 

Fig. 20. Relative humidity at 14 UTC on 22nd February, 2019, from the AROME model initialized 

at 00 UTC on 22nd February, 2019. Colors and black contours indicate relative humidity. Cloud 

amount (from a 3D variable ‘cloud_fraction’ based on hydrometeors) was calculated earlier as an 
experimental variable, and shown with semi-transparent grey shading. This data is currently miss-

ing from the current model output but is planned to calculate later. 
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Although the wave equation is written for the vertical wind perturbation, there is also a 

perturbation in the horizontal wind. This is not surprising, according to equation system 

(7a-d). Another explanation is that the height-dependent average horizontal wind refers to 

the layer at a given height, but that layer is displaced by the vertical wind. This can also be 

seen mostly over the Lower Tatras. 

4.2.4. Potential and equipotential temperature 

Both parameters provide information on atmospheric stability: higher density of the iso-

lines means greater stability, and thus a higher Brunt-Väisälä frequency. Where isolines are 

rare, the atmosphere is less stable. Neutral atmosphere has zero vertical gradient of potential 

temperature. This is the case usually in the boundary layer in summer daytime where 

shallow convection is present (Fig. 22).

Fig. 21. Horizontal wind (barb) and wind component parallel to the cross-section (color, positive 

values mean wind from right to left, m s-1) at 14 UTC on 22nd February, 2019, from the AROME 

model initialized at 00 UTC on 22nd February, 2019. 
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Fig. 22. Potential temperature [°C] at 14 UTC on 22nd February, 2019, from the AROME

model initialized at 00 UTC on 22nd February, 2019. 

Fig. 23. Equipotential temperature [°C] at 14 UTC on 22nd February, 2019, from the

AROME model initialized at 00 UTC on 22nd February, 2019. 
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The equipotential temperature (Fig. 23) product, in addition, can show what layers may be 

moist-unstable. As the equivalent temperature involves moisture (mixing ratio), a moist 

layer can have less gradient in the equipotential temperature compared to that of the potential 

temperature. If more moisture arrives in a layer, the equipotential temperature of that layer 

will increase, making its gradient to decrease above. In the case of moist instability, equipo-

tential temperature gradient can be even negative. If some process forces condensation of 

water vapor in this layer, the cloud formation will be convective, thus, cumulus clouds will 

form. To form lenticular clouds, absolute stability is needed. 

During wave formation, the air parcels move adiabatically, so the air transport causes the 

isolines to be deformed into a wave-like shape, which is visible in this case on these products. 

4.2.5. Scorer-wavenumber 

Fig. 24 shows the Scorer-wavenumber ℓ (the square-root of the Scorer-parameter). Its 

scale is more readable than that of the Scorer-parameter itself because smaller differences 

are more pronounced. However, the parameter itself could can be plotted.  

Fig. 24. Scorer-wavenumber [km-1] at 14 UTC on 22nd February, 2019, from the AROME model 

initialized at 00 UTC on 22nd February, 2019. 
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It has a unit of km-1, so if the value is e.g. 4 km-1, that means that mountain waves have 

0.25 km overall wavelength. 

Any features discussed in the theory of mountain wave formation can be identified. If the 

Scorer-wavenumber has a sudden decrease in the middle troposphere, wave trapping can 

occur. On both a cross-section and a time-height, the spatial and temporal extension of the 

trapped wave modes can be estimated until where and when the difference of the Scorer-

wavenumbers remains high. 

It can be seen that the Scorer-wavenumber values in the free troposphere are smaller than 

those in the lower troposphere, which is often ideal for trapping of lee waves. In our case, 

high values of the Scorer-parameter are present only in the boundary layer, possibly because 

of the strong decrease of the wind shear which is usual in the boundary layer. 

Comparing this with the potential temperature product, it seems like that the Scorer-wave-

numbers are high under the cold front. The front’s surface is already emerged over the peaks 

of Mátra mountains, but not over the Higher Tatras. However, the low-level wind was strong 

enough to flow over the Tatras, elevating locally the front surface over the mountain. A 

possible downslope windstorm can be identified over both Higher and Lower Tatras. The 

hydraulic jump-like phenomena then penetrated possibly the stable layer of the front causing 

wave formation which remained trapped in that layer, as it is slightly visible over the Slovak 

Ore Mountains. However, over Mátra, the mountain wave seems to be a vertically propagat-

ing wave as the air under the front became less stable again and waves in this case are able 

to “leak” through that layer, as most of the wave modes in themselves are vertically periodic 

in each layer. 
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4.2.6. Turbulence kinetic energy 

This product is a side-product of the work of André Simon, former colleague at the HMS. 

He implemented TKE based on a 1,5-order closure model, applying its prognostic equation. 

It is known that the local increase of wind shear can generate mechanical turbulence which 

might appear in this product (Fig. 25). Usually, high values are present in the boundary layer 

as can be seen in this case. In the free troposphere, there is usually no turbulence at all. A 

few cases, for example deep convection appearing in the model or hydraulic jump-like 

streaming can cause high wind shears and low Richardson-numbers, and in this case, some 

turbulence kinetic energy may appear in the model. This product might be useful in identi-

fying secondary turbulent phenomena accompanying mountain waves, however, current ev-

idence suggests that this would need higher model resolution. 

Fig. 25. Turbulence kinetic energy [J kg-1] at 14 UTC on 22nd February, 2019, from the AROME 

model initialized at 00 UTC on 22nd February, 2019. 
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4.3. Sensitivity analysis 

Fitting linear function against the gridpoint-wise pairs of data was carried out for several 

variables, as mentioned in subsection 3.3, and for every height and every time step sepa-

rately, giving estimations of 𝑚(𝑡, 𝑧) and 𝑏(𝑡, 𝑧) and their asymptotic standard errors. 

During the analysis, some data became corrupted, so analysis of BV-frequency and shear 

curvature term is left out. In an ideal case, 𝑚 = 1 and 𝑏 = 0 is expected within error range. 

However, the effect of the different initial surface values might have significant. 

Qualitative analysis suggests that the resultant products have a few common features but 

there are also unique structures recognizable in some cases, and some errors emerged as well 

obscuring the details in some cases. Plotting of the fitted data was carried out in a way that 

high deviations from the expected values are visible but fine structure around the expected 

values is currently less meaningful. 

Computational or numeric overflow errors may arise during calculations, but in some 

cases, this might be caused by the sign of a real phenomenon (Fig. 26). In this case, the real 

Fig. 26. Intercept of Scorer-parameter ℓ2[𝑘𝑚−2]. Small patches of very high intercepts made fine 

structure obscured. 
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structure can become completely obscured. The whole analysis, thus, needs a comprehensive 

review concerning the sources of these errors, and then repeated. 

Most variables share the feature of higher deviations from the expected values in the first 

few time steps (Fig. 27). This is probably caused by the model spin-up. During when the 

model is out of statistical equilibrium, a random progress of the differences can cause the 

initial increase of the differences, which will later consolidate. These errors seem to be 

height-independent, or the differences in some cases are higher in the higher troposphere, 

which might be surprising as the surface datasets has their initial differences. 

One exception seems to be relative humidity, for which a significant deviation is visible 

even after time step 15 in the middle and upper troposphere. This might be caused by the dry 

air behind the cold front as very low humidity values tend to produce higher differences in 

the slope (Fig. 28). 

Fig. 27. Vertical velocity, slope parameter. High deviations are visible on the first two time-steps 

which then fade out quickly. 
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In general, fitted parameter errors are approximately two orders of magnitude less than 

the difference of the fitted parameters from their ideal values. This means that, even if the 

fitted parameters are reasonably close to the ideal values (the two model runs having relative 

differences of at most a few percent), the deviation from the expected values are still statis-

tically significant. Thus, the difference between the two models might potentially lead to 

inconsistencies. So, to ensure consistency, reasonable thresholds of differences of gridpoint-

wise values should be formulated and model output consistency must be defined based on 

them, then, model runs must be compared focusing on these consistency definitions. Scorer-

parameter and vertical velocity may be important in this concern, as estimated 𝑗 values are 

sensitive to Scorer-parameter profile, and vertical velocity can have abrupt changes as 𝑗 ex-

ceeds an integer value. Further detailed analysis of these are needed with highlighting the 

fine structure of the fitted parameters around their expected values. 

Fig. 28. Relative humidity slope analysis. Values differ from 1 mainly in the model spin-up period, 

but significant differences are recognizable mainly between time steps 15 to 25 and height level of 

35 to 55. The exact reason is unclear but may be weather related. 



55 

4.4. Automatic wave trapping identification 

Vertical profiles of the model Scorer-parameter were extracted at five points near the 

Mátra and Bükk mountain ranges (Fig. 29). The Scorer-parameter values were interpolated 

to 10 m vertical resolution and number 𝑗 of possibly trapped wave modes were calculated 

using equation (22) for every possible height as the layer boundary height 𝑍, and lower and 

upper Scorer-parameters as the lower and upper quartile of the values in the layers. 

In general, the Scorer-parameter has high values in the boundary layer because a) the 

wind shear curvature of both the logarithmic and the Ekman wind profile has a high positive 

value, and b) the low horizontal wind by itself may overcompensate the low BV-frequency 

in the stability term. This results in very high Scorer-parameter values in the lowest ca. 1 km. 

Fig. 29. Topography around the Mátra and Bükk ranges. The 5 points for which the profiles of 

Scorer-parameters and 𝑗 values are indicated. Points are near Somoskő (220,50), Kazincbarcika 
(255,50), Sirok (235,65), Ecséd (220,75) and Mezőkeresztes (255,75) 
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Choosing an inappropriate lower Scorer-parameter will lead to very high distortions and thus 

unrealistic values of 𝑗. This distortion might be still present in our case choosing the quartiles 

for the estimating Scorer-parameters, as the two Scorer-parameters seems not to converge to 

zero. Thus, highest 𝑗 values are usual in the middle or the higher troposphere (Fig. 30). 

Fig. 30. Profiles of model and approximating Scorer-wavenumbers, and estimated number j of 

trapped modes (green) at Mezőkeresztes, 19 UTC 22nd February, 2019. 

Fig. 31. Profiles of model and approximating Scorer-wavenumbers, and estimated number j of 

trapped modes (green) at Mezőkeresztes, 5 UTC 22nd February, 2019. 
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The five grid points share the main features, i.e. there are no significant differences in the 

results at the different sides of the mountain ranges, which in turn means that the synoptic 

scale effects (the passage of the front and the inflow of the cold air from North-East behind 

it) determine the situation and no local effects are recognizable. 

One feature visible on Fig.31 is the cold front at 5 UTC, as its inversion causes high

Scorer-parameters to appear at around 1 km height. This results in very high 𝑗 values above 

this layer, at around 2 km. Later, as the surface of the cold front raises, the Scorer-

parameter decreases in its inversion. These two effects compensate each other as 

increasing 𝑍 would cause 𝑗 to increase, but decreasing Scorer-parameter would cause 𝑗 to 

decrease. This results in nearly the same maximal 𝑗 values but at a slightly higher altitude 

(Fig. 32). 

Fig. 32. Profiles of model and approximating Scorer-wavenumbers, and estimated number j of 

trapped modes (green) at Ecséd, 11 UTC 22nd February, 2019. 
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As the cold front moved further away, the profiles became close to a normal moist-adia-

batic state and the resulting maximal 𝑗 values decreased to around 5 (Fig. 33). However, later 

during the night, a gradual decrease of the Scorer-parameter in the middle troposphere de-

veloped and caused the slight increase of 𝑗 at that levels (Fig. 34). 

Fig. 34. Profiles of model and approximating Scorer-wavenumbers, and estimated number j of 

trapped modes (green) at Mezőkeresztes, 07 UTC 23rd February, 2019. 

Fig. 33. Profiles of model and approximating Scorer-wavenumbers, and estimated number j of 

trapped modes (green) at Mezőkeresztes, 22 UTC 22nd February, 2019. 
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An important note is that equation (22) is written in the way that it includes both free and 

fixed boundaries for both the upper and lower boundary of the lower layer. In reality, how-

ever, both layers are usually only of one type (in spite that this must not be the case as dif-

ferent wave modes can be trapped in different layers), i.e. there are usually only one of 4 

possible trapped wave modes present in reality. Dividing the resulted 𝑗 values with 4 gives 

more realistic results of around 1 in general, and around 3 to 5 in a highly favorable situation 

for mountain wave trapping which seems to be quite realistic. 

Comparing the results from the different model runs leads to the same conclusion as the 

sensitivity analysis. It seems that the effect of the differences during the spin-up time is 

significant on the 𝑗 values. Differences of 3 to 6, depending also on the height, can occur, 

however, the general shape is similar, i.e. highest values are in the middle or upper tropo-

sphere. After around 6 to 8 time-steps, the differences decrease to nearly zero. 

A more comprehensive study will be needed to understand the behavior of this product 

in different situations. This is a recent idea and a new direction of the research and it is highly 

experimental and at a rudimentary state. 
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5. Summary and Future plans

This thesis provided a comprehensive summary of the linear theory of mountain wave 

formation. Concepts introduced in this theory were examined through a case study which 

aims to serve as a basis for the documentation of the mountain wave forecast products 

planned to be published on the website of the Unit of Aviation Meteorology of the HMS. 

This work was interrupted by the epidemic situation and associated regulations on personal 

contact, so several other cases remained a further plan to work with. The main conclusion of 

this case study is that the qualitative analysis is reproducible in other cases, proving that 

rules for users to the interpretation of these products can be formulated. 

However, model cycle updates can have an effect on the products which is needed to be 

examined. A short examination presented here resulted in the conclusion that model spin-up 

has the most significant effect on the atmospheric parameters, including the Scorer-parame-

ter, in the first 4 to 8 hours and the different terrain datasets have little effect compared to 

this. However, as the model reaches statistical equilibrium, the differences between the two 

datasets vanish but remains statistically significant. Statistical significance, thus, doesn’t 

necessarily means inconsistencies in the model outputs and consistency must be defined 

separately. 

The support of mountain wave gliding branch of General Aviation in Hungary has been 

provided with limited information, which is being currently expanded by the research effort 

of the Hungarian experts. Our future plans can be divided based on the time horizon of im-

plementation. 

5.1. Short-term plans 

The primary plan is to expand the products presented at the mountain wave gliding fore-

cast products at the aviation.met.hu website, with temporal and spatial profile cross-

sections for several places in Hungary. Fig. 35 shows planned lines of cross-sections

intersecting some mountain ranges, and points of time-height sections at many sport 

airfields. This is currently under consideration. 

Since trapped waves can occupy larger areas in appropriate weather conditions, it may be 

useful to also create products for some cities even in the Great Plain, for example for Nyí-

regyháza or Kalocsa. 
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The original aim of this Thesis was to serve as a basis for the documentation of the prod-

ucts. For this, analysis of several other case studies is planned. These will include also situ-

ations where MTW formation was not observed, to unambiguously identify features on the 

products indicating mountain wave formation. 

We plan to display cloud fraction on the relative humidity product later. It was available 

for the 2017-10-13 case but it is not calculated by default and needs some setup adjustments. 

In the AROME model, only the mixing ratio of hydrometeors is currently available, but this 

is a less useful information for users. Low, medium and high cloud coverage are 2D variables 

from which a vertical section cannot be produced. The plan is to calculate a 3D cloud fraction 

based on the number of hydrometeors. 

5.2. Middle-term plans 

Development of the wave trapping identification algorithm is needed. The most perfor-

mance improvement can be achieved by reconsidering the choice of the approximating lower 

and upper Scorer-parameter values. Values not needing the ordering of the Scorer-parameter 

would reduce the processor cycle count order from 2𝑁2 log 𝑁 to 𝑁, where 𝑁 is the count of

Fig. 35. Preliminary plan of placement of cross-sections (lines) and time-height sections (circles) 

for the products to be published on aviation.met.hu. 
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the interpolated layers and is on order of 104. However, the choice has a significant effect 

on the results for 𝑗, thus, extreme care must be taken and a comprehensive study will be 

needed. 

5.3. Long-term plans 

Currently, there are operative turbulence parameterizations that approximate the turbu-

lence of the free troposphere based on wind speed and shear. SIGMETs, for example, are 

published, if necessary, based on these indicators. Currently, it is planned to continue the 

work of André Simon on how AROME can model free-tropospheric turbulence and investi-

gating the relationship between MTW formation and mid-tropospheric turbulence. 

Theory of atmospheric turbulence has complicated mathematics. Closure theories are dif-

ficult to verify in the higher troposphere. It is difficult to conduct micrometeorological meas-

urement campaigns there with an accuracy similar to what can be achieved in the boundary 

layer, to understand the nature of mountain wave turbulence. An operational NWP model 

used in general weather forecasting, like AROME, cannot be accurate enough to describe 

realistic wave turbulence even in case when turbulence parameterizations has the same ac-

curacy in the free troposphere as in the boundary layer. A 1,5-order closure model (with 

prognostic equation for the TKE) uses theoretically this kind of parameterizations, however, 

as these parameterizations are calibrated with measurements mostly in the boundary layer, 

there is no guarantee for the same accuracy in the free troposphere where boundary layer 

processes has no effect and the turbulence measurements has less accuracy. 
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